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2.Instalación de
Sage

3.Prácticas  con  Sage
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load (DATA + 'Worksheet0.sage')
load (DATA + 'Worksheet1.sage')
load (DATA + 'Worksheet2.sage') 

T=listacomplejos(20,3)
DT=poligonal(T+[T[0]],.7,1)
C=listacomplejos(20,4)
Q=optimizac(C+[C[0]])[0]
DQ=poligonal(Q,.7,1)
DC=circle((0,0),1)+point([0,0],color='red',pointsize=25)
show(graphics_array([DT,DQ,DC]), figsize=[5,3]) 
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4

T=listacomplejos(20,3)
show(pt(T),figsize=[1.5,1.5])

[P,A]=triangle(T)
print 'a)', sum(A)
print 'b)'
C=circuncentro(T);P=incentro(T)
show(pt(T)+circle(vectorizac(C[0]),C[1])+
circle(vectorizac(P[0]),P[1]),figsize=[2,2])

a) 3.14159265358979
b)
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a=7;b=3
R=[0,a,a+b*I,b*I,0]
show(poligonal(R),figsize=[2,2])

show(cuadrarec(3,7),figsize=[3,3])

show(Pitagoras(12,7),figsize=[3,3])
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T=listacomplejos(10,3)
O=ortocentro(T)
B=baricentro(T)
D=circuncentro(T)
show(pt(T,.7,0)+plse([B,D[0],O],.3),figsize=[3,3])
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H=[1..10]
V=oplista(H,m,I)
LT=[[z,0,w] for [z,w] in cartesian_product([H,V])]
LT=depuralista(LT)
P=[[circuncentro(a)[1],abs(circuncentro(a)[0]-incentro(a)
[0]),incentro(a)[1]] for a in LT]
show(point3d(P,color='red',size=15),figsize=[3,3,3])
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for R in [1..5]:
    L=[R*exp(I*k*2*pi/9).n() for k in range(9)]
    T=Combinations(L,3).list()
    P=[[abs(incentro(a)[0]),incentro(a)[1]] for a in T]
    DP=depuralista(P)
    DPr=[[round(a[0],6),round(a[1],6)] for a in DP]
    X=[a[0] for a in DPr]
    Y=[a[1] for a in DPr]
    F(d)=[1,d,d^2]
    N=nube(X,Y,F)
    print 'Para R=',R
    print 'r=',N[2](x=d) 

Para R= 1
r= -0.500001103900085*d^2 + (2.07947903785310e-7)*d +
0.500000240440623
Para R= 2
r= -0.249999925505429*d^2 + (3.29419426181587e-8)*d +
0.999999850783890
Para R= 3
r= -0.166666768760854*d^2 + (1.08613134819358e-7)*d +
1.50000008452623
Para R= 4
r= -0.125000036341412*d^2 + (3.36021881319759e-7)*d +
1.99999939135009
Para R= 5
r= -0.100000018530218*d^2 - (2.51878881085688e-8)*d +
2.50000008227136
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a=2
R1=3
L1=lugar(a,R1)
C=circle((0,0),1)
D1=circle((a,0),R1)
DL1=parametric_plot(L1,(t,-2.1,2.1), hue=.9, figsize=[3,3])
R2=sqrt(10)
L2=lugar(a,R2)
D2=circle((a,0),R2)
DL2=parametric_plot(L2,(t,-2.5,2.5), hue=.9, figsize=[3,3])
R3=.3+sqrt(10)
L3=lugar(a,R3)
D3=circle((a,0),R3)
DL3=parametric_plot(L3,(t,-4.5,4.5), hue=.9, figsize=[3,3])
show(graphics_array([C+D1+DL1,C+D2+DL2,C+D3+DL3]),figsize=
[4,6])
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V=listacomplejos(20,50)
show(plce(V),figsize=[3,3])
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n=10
m=15
V=listacomplejos(20,n)

if m>n*(n-1)/2:
    print 'imposible'

elif m==n*(n-1)/2:
    print 'grafo completo'
    A=[]
    for v in V:
        for w in restalistas(V,[v]):
            A.append([v,w])
    E=depura(A)
    show(plse(V)+sum([line([ri(e[0]),ri(e[1])]) for e in 
E]),figsize=[3,3])

else:
    A=[]
    k=0
    while k<m:
        e=[choice(V),choice(V)]
        if e[0]!= e[1]:
            A.append(e)
            E=depura(A)
            k=len(E)

    show(plse(V)+sum([line([ri(e[0]),ri(e[1])]) for e in 
E]),figsize=[2,2])
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show(grado(V,E))
print
2*len(E)==sum(grado(V,E))

True
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w=[[1,2],[1,2],[2,4],[1,4],[2,3],[2,3],[3,4]]
G=Graph(w,multiedges=True)
G.graphplot().show(figsize=[3,3])

Solutio problematis ad geometriam
situs pertinentis 

16



1717



18

n=30
V=listacomplejos(20,n)

W=copy(V)
C=envolturaconvexa(W)
VC=vercamino(C)
VP=plce(V)
PER=lon(C)[0]
T=[]
for k in [1..len(C)-2]:
    T.append([C[0],C[k],C[k+1]])
A=sum([pt(t) for t in T])+VC
AREA=sum([heron(t) for t in T])
PC=polygon2d(C,fill=True, color='red')
show(graphics_array([VP,VC+VP,A+VP,PC]),figsize=[6,4])
print 'perímetro=', PER, 'área=', AREA 

perímetro= 143.246976219835 área= 1394.41312771894

interior(0,C)

True
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V=listacomplejos(20,40)
C=cebolla(V)
print 'ten', len(C[0]), 'niveis de convexidade'
show(graphics_array([plse(V),C[1]]),figsize=[4,3])

ten 6 niveis de convexidade
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T=TD(V)

20
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show(graphics_array([VP,VC+VP,T[0]]),figsize=[6,3])
print 'área=', T[1] 

area= 1210.64250846728

Q=[0,1,1+I,I]
R=[I,1,2+I,1+2*I]
T=triangular(3,1,sqrt(3)/2)
D=[3,-3, 5+I,-5+I,3*I,4*I,8*I,-2+6*I,2+6*I]

show(graphics_array([plse(Q),plse(R), plse(T),plse(D)]),figsize=
[6,2])

show(graphics_array([pco(Q)+plse(Q),pco(R)+plse(R),
pco(T)+plse(T),pco(D)+plse(D)]),axes=False,figsize=[6,2])
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L=[Q,R,T,D]
for a in L:
    print delone(a)
    print 

[]

[[I + 1, 0, 1, 2], [I + 1, 0, 1, 3], [I + 1, 0, 2, 3], [I + 1, 
3]]

[[1/6*I*sqrt(3) + 1/2, 0, 1, 3], [1/6*I*sqrt(3) + 3/2, 1, 2, 4
[1/12*sqrt(3)*(sqrt(3) + I) + 1/4*I*sqrt(3) + 3/4, 1, 3, 4],
[2/3*I*sqrt(3) + 1, 3, 4, 5]]

[[0, 0, 1, 4], [17/6*I + 17/6, 0, 2, 4], [17/6*I - 17/6, 1, 3, 
[121/38*I + 113/38, 2, 4, 8], [121/38*I - 113/38, 3, 4, 7], [7/
5/2, 4, 5, 7], [7/2*I + 5/2, 4, 5, 8], [6*I, 5, 6, 7], [6*I, 5
8], [6*I, 5, 7, 8], [6*I, 6, 7, 8]]

show(graphics_array([TD(R)[0],TD(T)[0],TD(D)
[0]]),axes=False,figsize=[6,2])
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V=[6 - 14*I, 10 - 2*I, -16 - 3*I, 1 + 4*I, 1 - 12*I, 15 + 4*I, 
17 + 9*I, 15 - 3*I, -9 - 5*I, -9 - 17*I]
VR=voronoi(V)
G=graphics_array([plse(V),VR])
G.show(figsize=[6,5])
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V=listacomplejos(20,20)
K=kruskal(V)
show(graphics_array([plce(V),K[0]]),figsize=[4,3])
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print 'suma de lonxitudes=', K[1]
print 'G=',K[2]
print 'arestas ordeadas'
K[3]

suma de lonxitudes= 125.512551681647
G= [5, 12, 3]
arestas ordeadas
[[1.61268195516233, 5, 19],
 [2.31670025444501, 7, 19],
 [2.42250928669241, 1, 2],
 [3.36950589908136, 15, 18],
 [3.52063389256103, 6, 12],
 [4.01598711079683, 11, 13],
 [5.10639844453556, 0, 18],
 [5.66569609927876, 12, 18],
 [6.67461885783273, 4, 8],
 [7.38629038257714, 2, 5],
 [7.74679119785861, 10, 13],
 [7.83952052097826, 9, 16],
 [8.40437335724484, 1, 4],
 [8.58047438674583, 14, 17],
 [8.64625440048952, 17, 19],
 [9.42697582607007, 3, 11],
 [9.63323467565941, 8, 15],
 [9.92742288065250, 8, 10],
 [13.2164822529849, 9, 14]]
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L=listacomplejos(70,200)
K=kruskal(L)
K[0].show(figsize=[3,3])

print 'a)'
V=[a[0] for a in K[3]]
m=0
for v in V:
    if v<7:
        m=m+3.25
    if v>7:
        m=m+5
print 'o prezo da mangueira é =', round(m,2), 'euros' 

a)
o prezo da mangueira é = 793.75 euros

print 'b)'
print 'o operario cobra', round((m/50)*5,2), 'euros' 

b)
o operario cobra 79.38 euros

print 'c)'
print 'o número de vértices de grado 1 é', K[2][0]
print 'gastamos en tapóns', K[2][0], 'euros' 

c)
o número de vértices de grado 1 é 52
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gastamos en tapóns 52 euros

print 'd)'
print 'o número de vértices de grado 2 é', K[2][1]
print 'gastamos en sten', 3*K[2][1], 'euros' 

d)
o número de vértices de grado 2 é 100
gastamos en sten 300 euros

print 'e)'
print 'hai', K[2][2], 'puntos de grado 3 e desperdiciamos', 
K[2][2], 'dm de mangueira'
print 'gastamos en distribuidores', 3*3*K[2][2], 'euros'
print 'hai', K[2][3], 'puntos de grado 4 e desperdiciamos', 
K[2][3], 'dm de mangueira'
print 'gastamos en distribuidores', 3*4*K[2][3], 'euros' 

e)
hai 46 puntos de grado 3 e desperdiciamos 46 dm de mangueira
gastamos en distribuidores 414 euros
hai 2 puntos de grado 4 e desperdiciamos 2 dm de mangueira
gastamos en distribuidores 24 euros

print 'f)'
g=(m+(m/50)*5 +K[2][0]+3*K[2][1]+3*3*K[2][2]+3*4*K[2][3])*1.21
print 'En total gastamos', round(g,2), 'euros' 

f)
En total gastamos 2012.38 euros

print 'g)'
print 'Debemos cobrar', round(g*1.3,2), 'euros' 

g)
Debemos cobrar 2616.1 euros
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n=35
V=listacomplejos(20,n)
K=kruskal(V)
show(TD(V)[0]+K[0],figsize=[3,3])
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V=radial(3,1,1,0)
S=Steiner3(V)
print S[2]
print S[3]
show(S[1],figsize=[2,2])

3.00000000000000
13.3974596215561

31



32

V=[0,1,I]
S=Steiner3(V)
print 'O punto de Steiner xeneralizado é', S[0]
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[2,2])

O punto de Steiner xeneralizado é 0.211324865405187 +
0.211324865405187*I
O SMT(V) é 1.93185165257814
A ganancia é 3.40741737109318
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V=listacomplejos(20,3)
S=Steiner3(V)
print 'O punto de Steiner xeneralizado é', S[0]
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[2,2])

O punto de Steiner xeneralizado é 17.6769088912937 -
19.8789060175135*I
O SMT(V) é 38.8877888240593
A ganancia é 0.000000000000000

V=radial(3,1,1,0)+[0.5*exp(I*2*pi/3)]
S=Steiner4(V)
print 'Os puntos de Steiner son', S[0].n()
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[2,2])

Os puntos de Steiner son -2.22044604925031e-16 +
2.22044604925031e-16*I
O SMT(V) é 3.00000000000000
A ganancia é 4.63327506379598

33



34

V=radial(4,1,1,0)
S=Steiner4(V)
print 'Os puntos de Steiner son', S[0]
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[2,2])

Os puntos de Steiner son [0.211324014792977 + 0.211325716018651
-0.211325580152501 - 0.211324150658758*I]
O SMT(V) é 3.86370330515706
A ganancia é 8.93163974768554

V=[0,I,2+I,2]
S=Steiner4(V)
print 'Os puntos de Steiner son', S[0]
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[2,2])

Os puntos de Steiner son [0.288675134592770 + 0.500001535850835
1.71132486540651 + 0.500001234971038*I]
O SMT(V) é 3.73205080757059
A ganancia é 6.69872981073523
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R=[0,1,I*exp(-I*pi/6),1+I*exp(-I*pi/6)]
S=Steiner4(R)
print 'Os puntos de Steiner son', S[0]
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[2,2])

Os puntos de Steiner son [0.500000000000000 + 0.288675134594813
0.642857142857143 + 0.701068184015974*I]
O SMT(V) é 2.68222577003120
A ganancia é 10.5924743322934

V=listacomplejos(20,4)
S=Steiner4(V)
print 'Os puntos de Steiner son', S[0]
print 'O SMT(V) é', S[2]
print 'A ganancia é', S[3]
show(S[1],figsize=[3,3])

Os puntos de Steiner son [-15.3244290900774 + 14.3431144544502*
14.2663319333721 + 2.41609915428285*I]
O SMT(V) é 52.5831914240181
A ganancia é 3.04917131049260
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H=hexagonal(3,3,1)
V=num([H[0][2][1],H[0][5][1],H[0][5][2],H[0][2][2]])
show(H[1]+H[2]+Steiner4g(V)[1],figsize=[3,3])
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H=hexagonal(1,3,1)
V=num(H[0][1][1:3]+H[0][2][1:3])
show(H[1]+H[2]+Steiner4(V)[1],figsize=[4,4])

V=[16.3 + 10.3*I, 3.7 - 5.2*I, 17.3+ 3.8*I, -7.7+ 12*I, 2.5- 
19.5*I]
CV=copy(V)
K=kruskal(CV)
print 'A lonxitude do MST(V) é', K[1]
VO=[[k,V[k]] for k in range(len(V))]
TOP=[]
for a in VO:
    TOP.append(text(a[0],ri(a[1]+1.1*I),fontsize=7))
show(K[0]+sum(TOP), figsize=[3,3]) 

A lonxitude do MST(V) é 57.8699365020841
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VI=[[3,1,2,0]]
kop=visualsteiner(V,VI)
print 'a lonxitude reducida é', kop[1]
show(kop[0],figsize=[3,3])

a lonxitude reducida é 56.2247783621150
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V=rectangular(4,4,1,1)
CV=copy(V)
K=kruskal(CV)
print 'A lonxitude do MST(V) é', K[1]
VO=[[k,V[k]] for k in range(len(V))]
TOP=[]
for a in VO:
    TOP.append(text(a[0],ri(a[1]+.1*I),fontsize=7))
show(K[0]+sum(TOP), figsize=[2,2]) 

A lonxitude do MST(V) é 15.0000000000000

VI=[[0,1,4,5],[2,3,6,7],[5,6,9,10],[8,9,12,13],[10,11,14,15]]
kop=visualsteiner(V,VI)
print 'a lonxitude reducida é', kop[1]
show(kop[0],figsize=[2,2])

a lonxitude reducida é 13.6602540378472
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L=[-18.8 + 15.2*I, -7.8 + 5.3*I, -15.5 - 6.3*I, -14.0 + 7.6*I, 
15.4 + 6.6*I, 16.0 - 14.0*I, 14.7 + 7.9*I, 8.5 + 5.5*I, 10.2 + 
3.5*I, -0.1 + 13.3*I, -15.3 - 3.4*I]
K=kruskal(L)
print 'A lonxitude do MST(L) é', K[1]
LO=[[k,L[k]] for k in range(len(L))]
TOP=[]
for a in LO:
    TOP.append(text(a[0],ri(a[1]+1.5*I),fontsize=7))
show(K[0]+sum(TOP), figsize=[3,3]) 

A lonxitude do MST(L) é 80.8905251694785

LI=[[3,1,10],[1,9,7],[7,8,4,6]]
kop=visualsteiner(L,LI)
print 'a lonxitude reducida é', kop[1]
show(kop[0],figsize=[3,3])

a lonxitude reducida é 78.6900772626205
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V=listacomplejos(20,40)
show(graphics_array([plse(V),vercamino(cicloham(V))]),
aspect_ratio=1,figsize=[5,3])
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V=[4*I - 19, 2*I + 5, -17*I + 16, -5*I - 4, -18*I - 3, -7*I + 7, 
4*I + 13,-17*I + 12, 13*I + 19, -I + 4,
5*I + 15, -20*I + 2, 5*I - 19, -15*I - 9,-3*I - 5, 10*I + 15, 
15*I - 17, 6*I - 19, -12*I - 4, -8*I - 10,
-I + 3,-19*I + 19, -2*I - 2, 7*I + 6, 17*I + 14, -3*I - 14, -5*I 
+ 18, 8*I + 6,-3*I - 9, 13*I + 1, -I - 2, 4*I - 17, 14*I,10*I - 
7, 18*I + 19, -12*I +20, 7*I - 6, 2*I + 7, -13*I + 6, -15*I - 4, 
-15*I - 13,
14*I - 14, -2*I+ 20, 20*I - 3, 16, -4, 10*I - 2, 15*I + 4, -8*I 
- 20, -3*I + 10, -17*I+ 13, 14*I - 5,
6*I + 2, -4*I - 16, -11*I - 9, 9*I - 11, 13*I + 13,-12*I - 2, 
16*I - 12, 3*I + 18, -4*I - 7, I + 15,
-17*I - 11, -16*I - 4]
W=[z.n() for z in V]
C=cicloham(W)
VC=vercamino(C)
D=descruza(C,54,60)
show(graphics_array([VC,D[1]]),figsize=[6,3])
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print 'bondade=',bondad(C) 

bondade= 88.7581475525486

V=[0,6*I,2-3*I,4-5*I,7-3*I,4+4*I,2+I,4+9*I]
C=cicloham(V)
OC=optimizac(V)
VC=vercamino(C)
VOC=vercamino(OC[0])
show(graphics_array([VC,VOC]),figsize=[6,3])
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print 'bondade =',bondad(C) 

bondade = 100

R=radial(3,2,1,2)
CR=cicloham(R)
VCR=vercamino(CR)
show(VCR,figsize=[3,3])
print 'bondade =',bondad(CR) 

bondade = 100
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L=[3.97 + 0.439*I,  -7.38 + 12.86*I,  -12.52 - 0.92*I,  -4.73 + 
0.29*I,  2.89 + 12.035*I,  13.88 - 3.85*I,  -18.26 - 15.48*I,
6.09 + 7.48*I,  -15.17 + 16.17*I]
C=cicloham(L); OC=optimizac(L)
VC=vercamino(C); VOC=vercamino(OC[0])
show(graphics_array([VC,VOC]),figsize=[6,3])
print 'bondade =',bondad(C) 

bondade = 88.4399860381631

47



48

V=[0,6*I,2-3*I,4-5*I,7-3*I,4+4*I,2+I,4+9*I]
C=CA(V)
CH=caminoham(V)
OC=optimiza(V)
VC=vercamino(C)
VCH=vercamino(CH)
VOC=vercamino(OC[0])
show(graphics_array([VC,VCH,VOC]),figsize=[5,3])
print 'lonxitude de CA(V)=', lon(C)[0].n()
print 'lonxitude de caminoham(V)=', lon(CH)[0].n()
print 'lonxitude de optimiza(V)=', lon(OC[0])[0].n() 

lonxitude de CA(V)= 27.6607624603085
lonxitude de caminoham(V)= 25.8811489286379
lonxitude de optimiza(V)= 25.3532848836375
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V=[-0.5+ 6.4*I, 15.9-17.9*I, 14.5+ 8.2*I,-9.2-12.4*I, 
19.7+17.5*I, -2.1-12.3*I,-9.8+16.3*I,-9.7-7.9*I,-7.14+ 0.1*I, 
11.5+ 5.8*I, 0.5+ 10.2*I, -1+ 16.4*I, -2.1+ 12.7*I,-15.9 - 
7.2*I, 16.9- 14.4*I, -12.6+ 1.6*I, -16.3+ 8.5*I]
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C=cicloham(V)
VC=vercamino(C)
CH=caminoham(V)
VCH=vercamino(CH)
show(graphics_array([VC,VCH]),aspect_ratio=1,figsize=[6,3])

R=rectangular(5,5,1,1)
CH=caminoham(R)
VCH=vercamino(CH)
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show(VCH,figsize=[4,4])

print 'bondada(R)=', bondada(R) 

bondada(R)= 100

V=[13.74 + 19.57*I, -19.28 + 4.73*I, -2.73 + 7.46*I, 4.63 - 
10.33*I, 15.83 -17.58*I, 2.66 + 2.26*I]
C=caminoham(V)
O=optimiza(V)
L=vercamino(C)
LO=vercamino(O[0])
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show(graphics_array([L,LO]), figsize=[5,5])
print 'bondada(V)=', bondada(V) 

bondada(V)= 84.4217644500736

V=listacomplejos(20,20)
A=TD(V)[0]
C=cicloham(V)
HC=vercamino(C)
P=caminoham(V)
HP=vercamino(P)
show(graphics_array([A+HC,A+HP]),figsize=[5,2])
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V=[3,-3, 5+I,-5+I,3*I,.3+4*I,8*I,-2+6*I,2+6*I]
A=TD(V)[0]
HC=optimizac(V)
C=vercamino(HC[0])
HP=optimiza(V)
P=vercamino(HP[0])
show(graphics_array([A+C,A+P]),figsize=[5,3])
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V=[6.3 + 0.8*I, -3.1 + 0.2*I, -6.6 + 1.6*I, -6.1 - 8.3*I, 4.1 - 
8.2*I, -9.3 - 9.3*I, 8.9 + 8.6*I, 6.6 - 3.4*I, -7.3 + 3.7*I]
A=TD(V)[0]
HC=optimizac(V)
C=vercamino(HC[0])
HP=optimiza(V)
P=vercamino(HP[0])
show(graphics_array([A+C,A+P]),figsize=[5,3])

V=[6.3 + 0.8*I, -4.1 + 0.2*I, -6.6 + 1.6*I, -6.1 - 8.3*I, 4.1 - 
8.2*I, -9.3 - 9.3*I, 8.9 + 8.6*I, 6.6 - 3.4*I, -7.3 + 3.7*I]
A=TD(V)[0]
HC=optimizac(V)
C=vercamino(HC[0])
HP=optimiza(V)
P=vercamino(HP[0])
show(graphics_array([A+C,A+P]),figsize=[5,3])
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V=listacomplejos(7,20)
g=-10-10*I
c=10+10*I
E=[g,c]
C=cicloham(V+E)
m=1+C.index(c)
P=pegalistas(C[:m],C[m:])
M=mejora(P,6)
show(vercamino(M),axes=True,figsize=[3,3])
print 'a.', lon(M)[0],'kms' 

a. 72.3934220645919 kms

55



56

print 'b.', 'Os nenos da parada'
for i in [1,2..20]:
    print i,',',ceil((2*lon(M[i:])[0]/50)*60), 'min' 

b. Os nenos da parada
1 , 174 min
2 , 158 min
3 , 149 min
4 , 141 min
5 , 134 min
6 , 117 min
7 , 108 min
8 , 105 min
9 , 103 min
10 , 100 min
11 , 84 min
12 , 74 min
13 , 68 min
14 , 55 min
15 , 51 min
16 , 44 min
17 , 44 min
18 , 32 min
19 , 30 min
20 , 26 min
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ROMA=[Roma][0]()[0]
COL=[a[1] for a in ROMA]
MS=envolturaconvexa(COL)
PLANO=poligonal(MS)+plse(COL)
TOP=[]
for a in ROMA:
    TOP.append(text(a[0],ri(a[1]+50*I),fontsize=7))
show(PLANO+sum(TOP),figsize=[4,4])
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T=[]
for k in [1..len(MS)-2]:
    T.append([MS[0],MS[k],MS[k+1]])
AREA=sum([heron(t) for t in T])
print 'Área=',AREA
print
print 'Lonxitude=',lon(MS)[0] 

Área= 2.56205978814832e6

Lonxitude= 7034.19168546871

CF=[caminofrances][0]()[0]
PVH=[a[1] for a in CF]
K=kruskal(PVH)
TOP=[]
for a in CF:
    TOP.append(text(a[0],ri(a[1]+10000*I),fontsize=5))
show(K[0]+sum(TOP),figsize=[5,12])
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G=[galicia]
show(viaje(G)[1],figsize=[3,3])

0 [Santa_Eugenia, Pontevedra, Marin, Cangas, Vigo, Redondela, P

10 [Ferrol, Oleiros, Cambre, Culleredo, Corunha, Arteixo, Carba

20 [Santa_Eugenia]
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P=[espanha]
show(viaje(P)[1], figsize=[3,3]) 
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EG=[espanha,grecia]
show(viaje(EG)[1],figsize=[5,3])

PEFA=[portugal,espanha,francia,alemania]
show(viaje(PEFA)[1],figsize=[4,4])
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P=[alemania][0]()[0]
NOM=[Harburg,Bremen,Braunschweig,Hanover]
Gauss=[a for a in P if a[0] in NOM]
CG=[a[1] for a in Gauss] 
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CAG=CA(CG)
Harburg=text('HARBURG',ri(CAG[0]+4000*i),color='black',fontsize=8)
Bremen=text('BREMEN',ri(CAG[1]-8000),color='black',fontsize=8)
Hanover=text('HANOVER',ri(CAG[2]-
4000*i),color='black',fontsize=8)
Braunschweig=text('BRAUNSCHWEIG',ri(CAG[3]-
4000*i),color='black',fontsize=8)
show(vercamino(CAG)+Steiner4(CAG)
[1]+Harburg+Bremen+Hanover+Braunschweig, figsize=[3,3])
print 'S(L)=', Steiner4(CAG)[2]
NC=[]
for a in CAG:
    for b in NOM:
        if [b,a] in Gauss:
            NC.append(b)
print 'Orde de recorrido das cidades no camiño hamiltoniano', NC
print 'G(L)=', Steiner4(CAG)[3]
print 'Puntos de Steiner=', Steiner4(CAG)[0] 

S(L)= 233128.223185305
Orde de recorrido das cidades no camiño hamiltoniano [Harburg,
Bremen, Hanover, Braunschweig]
G(L)= 4.67606206040729
Puntos de Steiner= [-43224.4606465724 + 237738.673049200*I,
-18104.9108544127 + 166431.131056219*I]

z=29407.3496365613 + 265629.192560511*I
coorgeo(z,alemania)

(53.2684705357259, 10.4412866320434)
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z=29407.3496365613 + 265629.192560511*I
coorgeo(z,alemania)

(53.2684705357259, 10.4412866320434)
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V8=listacomplejos(20,8)
V9=listacomplejos(20,9)
T0=walltime();OC8=optimizac(V8)
T1=walltime(T0)
print 'Tempo de cálculo de optimizac para 8 puntos'
print T1,'seg.'
T0=walltime();OC9=optimizac(V9)
T1=walltime(T0)
print 'Tempo de cálculo de optimizac para 9 puntos'
print T1,'seg.'
T0=walltime();O8=optimiza(V8)
T1=walltime(T0)
print 'Tempo de cálculo de optimiza para 8 puntos'
print T1,'seg.'
T0=walltime();O9=optimiza(V9)
T1=walltime(T0)
print 'Tempo de cálculo de optimiza para 9 puntos'
print T1,'seg.'
show(graphics_array([[vercamino(OC8[0]),vercamino(OC9[0])],
[vercamino(O8[0]),vercamino(O9[0])]]),figsize=[6,3])

Tempo de cálculo de optimizac para 8 puntos
4.29503393173 seg.
Tempo de cálculo de optimizac para 9 puntos
40.9143989086 seg.
Tempo de cálculo de optimiza para 8 puntos
14.8195409775 seg.
Tempo de cálculo de optimiza para 9 puntos
125.224471092 seg.
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H=cuadrarec(1,sqrt(3)/4)[0]
L=Pitagoras(H,H)[0]
P=Pitagoras(2*H,L)
show(P[0])
C=sum(P[2][0:4])/4
P1=C+(P[2][-1]-P[2][-2])/abs(P[2][-1]-P[2][-2])
L1=[C+(P1-C)*exp(k*I*pi/3) for k in range(7)]
E=poligonal(L1,.7)
show(P[1]+plse([C])+E+P[3],figsize=[3,3])

print 'a.'
V=listacomplejos(20,20);C=cebolla(V)
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EC=vercamino(C[0][0]);show(plce(V)+EC,figsize=[2,2])
print 'perímetro da envoltura convexa =', lon(C[0][0])[0]
T=[]
for k in [1..len(C[0][0])-2]:
    T.append([C[0][0][0],C[0][0][k],C[0][0][k+1]])
AREA=sum([heron(t) for t in T])
print 'área da envoltura convexa =', AREA 

a.
perímetro da envoltura convexa = 119.152080562540
área da envoltura convexa = 914.333573363297

print 'b.'
T=TD(V)
VR=voronoi(V)
show(graphics_array([T[0],VR]),figsize=[5,4])

b.
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print 'c.'
print 'V ten', len(C[0]), 'niveis de convexidade'
show(C[1],figsize=[2,2])

c.
V ten 4 niveis de convexidade

LA=[]
for k in range(len(C[0])):
    CN=C[0][k]
    if len(CN)<4:
        AN=0
        LA.append(AN)
    else:
        TN=[]
        for m in [1..len(CN)-2]:
            TN.append([CN[0],CN[m],CN[m+1]])
        AN=sum([heron(t) for t in TN])
        LA.append(AN)
print 'As áreas comprendidas entre os niveis consecutivos son'
ANC=[LA[k]-LA[k+1] for k in range(len(LA)-1)]+[LA[-1]]
ANC

As áreas comprendidas entre os niveis consecutivos son
[344.758938979077, 351.068594058921, 218.506040325299, 0]

V1=radial(10,2,1,1.1);KV1=kruskal(V1)[0]
V2=radial(12,2,1,1.1);KV2=kruskal(V2)[0]
show(graphics_array([KV1,KV2]),figsize=[3,2])
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L=listacomplejos(20,200);K=kruskal(L)
E=[e for e in K[3] if 3<=e[0]<=4]
V=[]
for e in E:
    V.append(line((ri(L[e[1]]),ri(L[e[2]])),hue=.3,thickness=1))
show(K[0]+add(V),figsize=[2,2])
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V=listacomplejos(20,7);KV=kruskal(V)
VO=[[k,V[k]] for k in range(len(V))]
TOP=[]
for a in VO:
    TOP.append(text(a[0],ri(a[1]+1.5*I),fontsize=7))
show(KV[0]+sum(TOP), figsize=[2,2]) 

print 'cota 96% lonxitude inicial', 96*KV[1]/100 

cota 96% lonxitude inicial 57.0947326166177

VI=[[6,1,0,4],[1,2,4,5]]
kop=visualsteiner(V,VI)
VA=kop[4]
PS=restalistas(VA,V)
PPS=plse(PS,h=.3)
print 'a lonxitude reducida é', kop[1]
show(kop[0]+PPS,figsize=[2,2])

a lonxitude reducida é 56.9786977750426
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L=listacomplejos(20,20)
CL=cicloham(L)
PCL=vercamino(CL)
show(PCL,figsize=[2,2])
print 'valía =',bondad(CL) 

valía = 98.9109345500573

V1=radial(6,2,1,2);CV1=cicloham(V1)
PCV1=vercamino(CV1)
V2=radial(8,2,1,2);CV2=cicloham(V2)
PCV2=vercamino(CV2)
show(graphics_array([PCV1,PCV2]),figsize=[4,3])
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print 'a.'
L=listacomplejos(20,25)
CL=caminoham(L)
PCL=vercamino(CL)
show(PCL,figsize=[3,3])
print 'lonxitude do camiño é',lon(CL)[0]
print 'bondade do camiño é',bondada(CL) 

a.
lonxitude do camiño é 154.963621513148
bondade do camiño é 86.7083445664479

print 'b.'
P=CL.index(L[10])
F=CL.index(L[20])
if P<F:
    if P==len(L)-1:
        P=-1
    PG=pegalistas(reverso(CL[:P+1])+reverso(CL[F:]),CL[P+1:F])
else:
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    if F==len(L)-1:
        F=-1
    PG=pegalistas(reverso(CL[:F+1])+reverso(CL[P:]),CL[F+1:P])
M=mejora(PG,6)
print 'lonxitude do camiño é',lon(M)[0]
show(vercamino(M),axes=False,figsize=[3,3])

b.
lonxitude do camiño é 171.419752747844

print 'a.'
VIGO=[Vigo][0]()[0]
COL=[a[1] for a in VIGO]
V=copy(COL)
MS=envolturaconvexa(COL)
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PLANO=poligonal(MS)+plse(COL)
TOP=[]
for a in VIGO:
    TOP.append(text(a[0],ri(a[1]+500*I),fontsize=7))
show(PLANO+sum(TOP),figsize=[2,2])

a.

print 'b.'
T=[]
for k in [1..len(MS)-2]:
    T.append([MS[0],MS[k],MS[k+1]])
AREA=sum([heron(t) for t in T])
print 'Área =',AREA 

b.
Área = 4.96626689856092e7

print 'c.'
D=delone(V);show(TD(V)[0], figsize=[2,2])
T=[]
for d in D:
    T.append([V[d[1]],V[d[2]],V[d[3]]])
M=maximos([heron(a) for a in T])
[a[0] for a in VIGO if a[1] in T[M[1][0]]] 

c.
[Castro, Beade, Madroa]
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print 'a.'
CM=[casmancha][0]()[0]
V=[a[1] for a in CM];W=copy(V)
C=envolturaconvexa(W)
MAPA=poligonal(C)+plse(V)
NOM=[]
for a in CM:
    NOM.append(text(a[0],ri(a[1]+5000*I),fontsize=6))

show(MAPA+sum(NOM),figsize=[3,3])
print 'perimetro =', lon(C)[0] 

a.
perimetro = 858768.643382953
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print 'b. A triángulación pedida é unha triangulación de Delone'
show(TD(V)[0]+sum(NOM), figsize=[3,3]) 

b. A triángulación pedida é unha triangulación de Delone

print 'c.'
D=delone(V)
T=[]
for d in D:
   T.append([V[d[1]],V[d[2]],V[d[3]]])
M=maximos([heron(a) for a in T])
[a[0] for a in CM if a[1] in T[M[1][0]]] 

c.
[Cuenca, Azuqueca, Alcazar]

print 'd. A función Delone() dá a lista dos circuncentros e a 
función coorgeo(z,casmancha) devolve as coordenadas xeográficas'
LC=[d[0] for d in D]
CLC=[]
for z in LC:
    CLC.append(coorgeo(z,casmancha))
print CLC 

d. A función Delone() dá a lista dos circuncentros e a función
coorgeo(z,casmancha) devolve as coordenadas xeográficas

[(39.5357458280120, -1.97626826488910), (39.6514309076420,
-1.26668750615145), (38.5956971219600, -2.55524373855139),
(38.6083772556114, -2.55220431789434), (38.5867298377192,
-2.55305613887020), (38.8060165886169, -1.51527716558266),
(43.1069315895503, -6.04862126635731), (39.3904595392036,
-4.52856805918087), (40.1714420706784, -4.37867961651244),
(39.1748148606811, -4.92188374345006), (41.2103229292184,
-4.69787529860977), (40.2034498036571, -2.78682923173853),
(39.4343183479618, -3.80352017220000), (39.7976092919411,
-3.45060532239431), (38.7358432940024, -3.74992376568764),
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(39.2927165662125, -3.66925123662060), (38.8934834184596,
-3.64292887040421), (39.9854748178531, -2.95057059410561),
(39.7962633289230, -2.74711138323806), (35.7264214793433,
-3.24941193684359), (39.3858367703529, -2.88645947588444),
(39.1942260668024, -3.27941817378471), (38.8681640627088,
-3.04134466066703), (39.9816346552990, -3.08896062137473)]

IES=[iesvigo][0]()[0];V=[a[1] for a in IES];VR=voronoi(V);NOM=[]
for a in IES:
    NOM.append(text(a[0],ri(a[1]+200*I),fontsize=6))
show(VR+sum(NOM),figsize=[8,8])
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L=ebro()
EB=[ebro][0]()[0]
LP=[a[1] for a in L[0]]
KLP=kruskal(LP)
show(lon(LP)[0])
TOP=[]
for a in EB:
    TOP.append(text(a[0],ri(a[1]+8000*I),fontsize=5))
show(KLP[0]+sum(TOP),figsize=[5,5])

CP=[caminoportugues][0]()[0]
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N=[a[0] for a in CP]
L=[a[1] for a in CP]
K=kruskal(L)
K[0]
TOP=[]
for a in CP:
    TOP.append(text(a[0],ri(a[1]),fontsize=7))
K[0]+sum(TOP)

print 'Etapa máis longa',[N[10],N[11],29929]
print 'Etapa máis curta',[N[11],N[12],12215] 

Etapa máis longa [Oporto, Sao_Pedro_de_Rates, 29929]
Etapa máis curta [Sao_Pedro_de_Rates, Barcelos, 12215]
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R66=[ruta66][0]()[0]
N=[a[0] for a in R66]
L=[a[1] for a in R66]
K=kruskal(L)
print' A lonxitude total es',round(K[1]/1000,2),'km'
K[0]
TOP=[]
for a in R66:
    TOP.append(text(a[0],ri(a[1]+58000*I-80000),fontsize=7))
show(K[0]+sum(TOP),figsize=[5,5])

 A lonxitude total es 3059.02 km

print 'Etapa máis longa =',[N[2],N[3]] 
print 'Etapa máis curta =',[N[9],N[11]] 

Etapa máis longa = [Rolla, Tulsa]
Etapa máis curta = [Victorville, LosAngeles]
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GAR=[Garzua][0]()[0]
AR=[a[1] for a in GAR if a[0]==Arzua]
L=[a[1] for a in GAR if a[0]!=Arzua]
K=kruskal(L)
TOP=[]
for a in GAR:
    TOP.append(text(a[0],ri(a[1]+3000*I),fontsize=7))
show(K[0]+sum(TOP)+point(ri(AR[0]),hue=.3,pointsize=40),figsize=
[4,4])

print 'A conexión ao vértice máis próximo vale', 
round(min([abs(AR[0]-a) for a in L])*7+1000,2) 

A conexión ao vértice máis próximo vale 223443.35

print 'A aresta máis próxima a Arzúa é', [GAR[K[3][-1][1]]
[0],GAR[K[3][-1][2]][0]]
print 'e a conexión a ela vale', altura(AR[0],GAR[3][1],GAR[18]
[1])*7+10000

A aresta máis próxima a Arzúa é [Lugo, Cambre]
e a conexión a ela vale 217512.745923090
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TUR=[turquia][0]()[0]
L=[a[1] for a in TUR]
K=kruskal(L)
TOP=[]
for a in TUR:
    TOP.append(text(a[0],ri(a[1]+10000*I),fontsize=7))
show(K[0]+sum(TOP), figsize=[3,3])
print 'A lonxitude do MST é', K[1]/1000, 'km' 

A lonxitude do MST é 1036.55875195294 km

S=Steiner4(L)
show(S[1]+sum(TOP),figsize=[3,3])
print 'A lonxitude do SMT é', S[2]/1000, 'km'
print 'Presupostamos a conexión en', 15*S[2]/1000, 'millóns de 
euros'

A lonxitude do SMT é 965.633298218769 km
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Presupostamos a conexión en 14484.4994732815 millóns de euros

print S[0][0]
print S[0][1] 

13019.9736700957 + 79495.7915470722*I
-53728.8592297583 - 57867.1682242232*I

CGT=[]
for z in S[0]:
    CGT.append(coorgeo(z,turquia))
print CGT[0]
print CGT[1] 

(39.7808554227592, 30.0760064587299)
(38.5448707413900, 29.3054598737962)

def nudos():
    var('Yurukyayla Omurca')
    TUR=[[Yurukyayla,39.7808554227592, 30.0760064587299],
[Omurca,38.5448707413900,
29.3054598737962]]
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    R=6367650
    LAM=sum([a[1] for a in TUR])/len(TUR)
    LOM=sum([a[2] for a in TUR])/len(TUR)
    PXY=[[a[0],(R*cos(a[1]*pi/180)*tan((a[2]-LOM)*pi
/180)).n()+I*(R*(a[1]-LAM)*pi/180).n()] for a in TUR]
    return PXY,[LOM,LAM] 

NT=[turquia][0]()[0]+[nudos][0]()[0]
L=[a[1] for a in NT]
K=kruskal(L)
TOP=[]
for a in NT:
    TOP.append(text(a[0],ri(a[1]+15000*I),fontsize=7))
show(K[0]+sum(TOP), figsize=[3,3]) 
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CAT=[catalunha][0]()[0]
VH=CAT[0:16]
PVH=[a[1] for a in VH]
D=cicloham(PVH)
print 'a. Horas de piloto=', lon(D)[0]/130000+16/6
print
print 'b. '
NL=[]
for z in D:
    NL=NL+[a for a in VH if a[1]==z]
HR=[a[0] for a in NL]
n=HR.index(BARCELONA)
HR=HR[n:-1]+HR[:n+1]
D=D[n:-1]+D[:n+1]
show(vercamino(D), figsize=[5,5])
for i in range(ceil(len(HR)/10)):
    print html(""+str (10*i)+" "+str(HR[10*i:10*(i+1)])+"")
print'c. '
Parciales=[round(lon(D[:5])[0],1),round(lon(D[4:10])
[0],1),round(lon(D[9:11])[0],1),round(lon(D[10:13])
[0],1),round(lon(D[12:])[0],1)]
print 'Cambio de baterias:', [HR[0],HR[4],HR[9],HR[10],HR[12]] 
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CE=[chequia,eslovaquia]
VCE=viaje(CE)
show(VCE[1],figsize=[5,5])

print 'A lonxitude total do circuito é',lon([a[1] for a in 
VCE[0]])[0]/1000,'km'

A lonxitude total do circuito é 1676.62058726735 km

L=[a[1] for a in VCE[0]]
LE=[abs(L[k]-L[k+1]) for k in range(len(L)-1)]
MLE=minimos(LE)
print 'A etapa de menor lonxitude transcorre entre'
print VCE[0][MLE[1][0]][0],'e',VCE[0][MLE[1][0]+1][0]
print 'e mide', MLE[0]/1000,'km' 

A etapa de menor lonxitude transcorre entre
Chomulov e Karlovi_Varo
e mide 45.9293996665139 km
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C=[a[1] for a in VCE[0]]
N=[a[0] for a in VCE[0]]
P=N.index(PRAGA)
B=N.index(BRATISLAVA)
PG=pegalistas(reverso(C[:P+1])+reverso(C[B:]),C[P+1:B])
M=mejora(PG,6)
show(vercamino(M),axes=False,figsize=[4,4])
print 'A lonxitude é', lon(M)[0]/1000,'km' 

A lonxitude é 1477.21836707078 km
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load (DATA + 'Worksheet0.sage')
load (DATA + 'Worksheet1.sage')
load (DATA + 'Worksheet2.sage')
load (DATA + 'Worksheet3.sage') 
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k=.1; K=5000
f(x,y)=abs(k*x*(K-x)-k*y*(K-y))/abs(x-y)
show(plot3d(f,(x,0,10),(y,0,10)),figsize=[3,3])
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var('k K x0')
c(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
cp(t)=diff(c,t)
print 'cp(t)-k*c(t)*(K-c(t))=',(cp(t)-k*c(t)*(K-
c(t))).full_simplify()
print 'c(0)=',c(0).full_simplify() 

cp(t)-k*c(t)*(K-c(t))= 0
c(0)= x0

k=.00001
K=5000
r=k*K
x0=100
M(t)=x0*exp(r*t)
c(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
CM=plot(M,(t,0,90))
CV=plot(c,(t,0,200),hue=0)
CC=plot(K,(t,0,200),hue=.3)
show(CM+CV+CC,figsize=[3,3])
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var('t')
A=matrix([[0,1],[-25,0]])
x0=vector([5,10])
fa(t)=(expm(A,t)*x0)[0]
show(plot(fa,(t,0,2*pi/5)),figsize=[3,2])

A=matrix([[0,1],[25,0]])
x0=vector([5,10])
fna(t)=(expm(A,t)*x0)[0]
show(plot(fna,(t,0,2*pi/5)),figsize=[3,2])
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f(x,y)=[.25*x-.01*x*y,-y+0.01*x*y]
S=solve(list(f(x,y)),[x,y],solution_dict=true)
print S 

[{y: 0, x: 0}, {y: 25, x: 100}]

xe=vector([0,0])
A=JAC(f)(x=0,y=0)
u=-A*xe
print 'A='
show(A)
print 'u='
show(u)

A=

u=
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var('s')
D=[]
for k in [1,..,5]:
    x0=vector([k,k])
    V=expm(A,t)*x0
    assume(t>0)
    W=integrate(expm(A,t-s)*u,s,0,t)
    c(t)=list(V+W)
    D.append(parametric_plot(c,
(t,0,5))+point([k,k],pointsize=20,hue=0))
show(sum(D),figsize=[4,4])

xe=vector([100,25])
A=JAC(f)(x=100,y=25)
u=-A*xe
print 'A='
show(A)
print 'u='
show(u)

A=

u=
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var('s'); D=[]
for k in [1,..,5]:
    x0=vector([100+k,25+k])
    V=expm(A,t)*x0
    assume(t>0)
    W=integrate(expm(A,t-s)*u,s,0,t)
    c(t)=list(V+W)
    D.append(parametric_plot(c,
(t,0,13))+point([100+k,25+k],pointsize=20,hue=0))
show(sum(D),figsize=[3,3])

método dun paso
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dun paso

dun  paso
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un paso
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un paso
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f(t,m)=[.098*m]
CI=vector([111])
I=[0,100]
N=24*I[1]
S=rungekutta(f,CI,I,N)
print 'Ao cabo dun día', round(S[24][0]), 'mosquitos'
print 'Ao cabo de 100 días', round(S[2400][0]), 'mosquitos' 

Ao cabo dun día 122 mosquitos
Ao cabo de 100 días 2001746 mosquitos

k=.00001; K=5000
r=k*K
x0=100; CI=vector([x0])
M(t)=x0*exp(r*t)
CM=plot(M,(t,0,90))
fm(t,x)=[r*x]
I=[0,90]; N=I[1]*2
em=euler(fm,CI,I,N)
EM=[a[0] for a in em]
rm=rungekutta(fm,CI,I,N)
RM=[a[0] for a in rm]
T=[0,1/2,..,90]
GEM=point(zip(T,EM),hue=.3)
GRM=point(zip(T,RM),hue=0)
show(GEM+GRM+CM, figsize=[3,3]) 

101



102

k=.00001; K=5000
x0=100; CI=vector([x0])
V(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
CV=plot(V,(t,0,200))
fv(t,x)=[k*x*(K-x)]
I=[0,200]; N=I[1]/2
ev=euler(fv,CI,I,N)
EV=[a[0] for a in ev]
rv=rungekutta(fv,CI,I,N)
RV=[a[0] for a in rv];T=[0,2,..,200]
GEV=point(zip(T,EV),hue=.3)
GRV=point(zip(T,RV),hue=0)
show(GEV+GRV+CV, figsize=[3,3]) 
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f(t,x,v)=[v,-25*x]
CI=vector([5,10])
L=(2*pi/5).n()
I=[0,L]
N=100
E=euler(f,CI,I,N)
RK=rungekutta(f,CI,I,N)
T=[0,L/100,..,L]
XE=[a[0] for a in E]
XRK=[a[0] for a in RK]
show(plot(fa,(t,0,L))+point(zip(T,XE),hue=0.5)+
point(zip(T,XRK),hue=0),figsize=[5,2])

f(t,x,v)=[v,25*x]
CI=vector([5,10])
L=(2*pi/5).n()
I=[0,L]
N=100
E=euler(f,CI,I,N)
RK=rungekutta(f,CI,I,N)
T=[0,L/100,..,L]
XE=[a[0] for a in E]
XRK=[a[0] for a in RK]
show(plot(fna,(t,0,L))+point(zip(T,XE),hue=0.5)+
point(zip(T,XRK),hue=0),figsize=[5,2])
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f(t,x,y)=[y+cos(t),1-x]
I=[0,10]
N=60*I[1]
CI=vector([4,3])
RK=rungekutta(f,CI,I,N)
print 'a.'
show(line(RK)+point([4,3],hue=0),figsize=[2,2])

a.
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f(t,x,y)=[x-y+cosh(.3*t),-3*y+sinh(.5*t)]
I=[0,3]
N=60*I[1]
CI=vector([2,5])
RK=rungekutta(f,CI,I,N)
print 'b.'
show(line(RK)+point([2,5],hue=0),figsize=[2,2])

b.

f(t,x,y,z)=[x+y+3*z+sin(t),9*x+y+2*z+cos(t),8*x-5*y+1]
CI=vector([4,3,5])
I=[0,2]
N=100*I[1]
RK=rungekutta(f,CI,I,N)
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show(line3d(RK,thickness=7)+point3d(CI,color='red',size=20),
figsize=[3,3,3])

n=5
L=[[-n,n],[-n,0],[-n,-n],[0,n],[0,0],[0,-n],[n,n],[n,0],[n,-n]]
f(t,x1,x2)=[cos(x1+x2),sin(x1-x2)]
I=[0,40]
N=200
D=[]
for P in L:
    G=[]
    for j in [0,2*pi/6..2*pi]:
        CI=vector(P)+vector([cos(j),sin(j)])
        X=rungekutta(f,CI,I,N)
        G=G+[line2d(X)+point([CI],color='red',pointsize=20)]
    D.append(sum(G))
show(sum(D),figsize=[3,3])
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f(t,x,y)=[-t+x,2*x-y+sin(t)]
I=[0,2]
Q=[]
P=[1,2,..,10]
for n in P:
    for m in P:
        CI=vector([n,m])
        RK=rungekutta(f,CI,I,N)
        X=[a[0] for a in RK]
        Y=[a[1] for a in RK]
        Q.append(line(zip(X,Y))+point([n,m],hue=0))
show(sum(Q),figsize=[4,4])
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P=[100]; r=1.05
for n in range(50):
    P.append(P[-1]*r)
T=[0,..,50]
SD=point(zip(T,P),pointsize=25)
rn=(log(P[-1]/100))/50
c(t)=100*exp(rn*t)
SC=plot(c,(t,0,50),hue=0)
show(SD+SC,figsize=[2.5,2.5])
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var('k')
r2=-k+sqrt(k^2+4*k)
r1=-k-sqrt(k^2+4*k)
A=r2/(r2-r1)
B=-r1/(r2-r1)
g(t,k)=A*exp(r1*t)+B*exp(r2*t)
G(k)=g(11,k)-Fibonacci(11)
show(plot(G,[0.05,0.1]),figsize=[3,3])
print 'k11=', biseccion(G,.05,.1,.0000001) 

k11= 0.0843514442443848

110



111

SF=[Fibonacci(n) for n in range(12)]
T=range(12)
SD=point(zip(T,SF))
xk11(t)=g(t,.08435129)
show(plot(xk11,[0,11],hue=0)+SD,figsize=[3,3])
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P=[100]
k=.00001
R=105000
for n in range(201):
    P.append(k*P[-1]*(R-P[-1]))
T=[0,..,200]
SD=point(zip(T,P),pointsize=5)
x0=P[0]
K=(k*R-1)/k
V(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
CV=plot(V,(t,0,200),hue=0)

show(CV+SD,figsize=[3,3])
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E=[.5]; r=.02; Es=.9
for n in range(201):
    E.append(E[-1]*(1+r/Es*(Es-E[-1])))
T=[0,..,200]
SD=point(zip(T,E),pointsize=5)
x0=E[0]
K=Es
k=r/Es
V(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
GV=plot(V,(t,0,200),hue=0)
show(SD+GV,figsize=[3,3])
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E=[.5]; r=1.5; Es=.9
for n in range(10):
    E.append(E[-1]*(1+r/Es*(Es-E[-1])))
T=[0,..,10]
SD=line(zip(T,E))
x0=E[0]
K=Es; k=r/Es
V(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
GV=plot(V,(t,0,10),hue=0)
show(SD+GV,figsize=[3,3])

E=[.5]; r=2.7; Es=.9
for n in range(21):
    E.append(E[-1]*(1+r/Es*(Es-E[-1])))
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T=[0,..,20]
SD=line(zip(T,E))
x0=E[0]
K=Es
k=r/Es
V(t)=K*(x0/(K-x0))*exp(K*k*t)/(1+(x0/(K-x0))*exp(K*k*t))
GV=plot(V,(t,0,20),hue=0)
show(SD+GV,figsize=[3,3])
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f(t,x)=[.25*(20-x)]
CI=vector([36])
I=[0,10]
N=I[1]*60
S=rungekutta(f,CI,I,N)
R=[a[0] for a in S]
T=[0,1/60,..,10]
show(line(zip(T,R)),figsize=[2.5,2.5])
G=[r for r in R if r>30]
print 'a morte produciuse ás', 22-len(G)/60.n() 

a morte produciuse ás 20.1166666666667
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.

80*0.75+5*0.25

61.2500000000000

N=.35
f(t,x)=[N*(20-x)]
CI=vector([245/4])
I=[0,3]
S=rungekutta(f,CI,I,180)
print 'O primeiro cliente tómao a', S[180][0],'º'
N=.35
f(t,x)=[N*(20-x)]
CI=vector([80])
I=[0,3]
S=rungekutta(f,CI,I,180)
C=S[180][0]
N=0.23
f(t,x)=[N*(20-x)]
CI=vector([5])
I=[0,3]
S=rungekutta(f,CI,I,180)
L=S[180][0]
CL=C*.75+L*.25
print 'O segundo cliente tómao a', CL,'º' 

O primeiro cliente tómao a 34.4349321509821 º
O segundo cliente tómao a 33.8662884511623 º
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R=200; h=10
b=-pi/12.n()
F(x,f)=[2*R*f*(x+(f^(-1/3))/3)/(h+R*x^2)]
CI=vector([1])
RG=rungekutta(F,CI,[b,0],100)
X=[b,b-b/100..0]
show(line([[X[k],RG[k][0]] for k in range(101)]),figsize=[3,3])
print 'A integral vale',((-b/100)*(2*sum([RG[k][0] for k in 
range(101)])-RG[0][0]-RG[100][0])/2).n()

A integral vale 0.451507943487826
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f(t,p)=[(120-((20*t)/(15+2*t)*p+15*p/(10+t)))/(4*(1+sqrt(t))+
(1+t^2))]
CI=vector([20]);I=[0,365];N=24*I[1]
S=rungekutta(f,CI,I,N)
P=[a[0] for a in S]
T=[0,1/24,..,365]
GP=line(zip(T,P),hue=0)
f(x)=S[-1][0]
P=plot(f,(x,0,365),hue=0.3)
show(GP+P,figsize=[2.5,2.5])

print 'A curva ten unha asíntota horizontal y=',S[-1][0]
print 'O prezo máximo alcánzase ás',maximos(S)[1][0],'horas' 
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A curva ten unha asíntota horizontal y= 20.7578849475742
O prezo máximo alcánzase ás 63 horas

f(t,p,q)=[q,((1+t^2)*(120-((20*t+1)*p/(15+2*t)+15*p/(10+t))-
(4*(1+sqrt(t))+(1+t^2))*q))/(2*(t+3))]
CI=vector([20,0])
I=[0,30]
N=24*I[1]
S=rungekutta(f,CI,I,N)
SV=[a for a in S if a[0]>0]
P=[a[0] for a in S]
T=[0,1/24,..,30]
T=T[:141]
P=P[:141]
GP=line(zip(T,P),hue=0)
show(GP,figsize=[2,2])
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print 'O prezo máximo alcánzase ás', maximos(P)[1][0],'horas'
print 'O prezo cae en picado ao final do quinto día' 

O prezo máximo alcánzase ás 74 horas
O prezo cae en picado ao final do quinto día
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var('t')
C=1/2
R=1
A=matrix([(-1/(R*C))])
i0=vector([20])
i(t)=(expm(A,t)*i0)[0]
show(i(t))
I0=plot(i,(t,0,3))
show(I0,figsize=[3,2])

uc(t)=(1/C)*integrate(i,t,0,t)
show(uc(t))
show(uc(3).n())
U0=plot(uc,(t,0,3))
show(U0,figsize=[3,2])
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i10=vector([-uc(3)])
i1(t)=(expm(A,t-3)*i10)[0]
show(i1(t).full_simplify())
I1=plot(i1,(t,3,6))
show(I1,figsize=[3,2])

u1c(t)=uc(3)+(1/C)*integrate(i1,t,3,t)
show(u1c(t).full_simplify())
U1=plot(u1c,(t,3,6))
show(U1,figsize=[3,2])

123



124

show(graphics_array([I0+I1,U0+U1]),figsize=[5,3])
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var('t s')
L=1/2; R=1
u(s)=(1/L)*20
A=matrix([-R/L])
i0=vector([0])
i(t)=(expm(A,t)*i0)[0]+integrate(expm(A,t-s)[0,0]*u(s),s,0,t)
show(i(t))
show(i(3).n())
I0=plot(i,(t,0,3))
show(I0,figsize=[3,2])

uL(t)=L*diff(i(t),t)
U0=plot(uL,(t,0,3))
show(U0,figsize=[3,2])
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i10=vector([i(3)])
i1(t)=(expm(A,t-3)*i10)[0]
show(i1(t).full_simplify())
I1=plot(i1,(t,3,6))
show(I1,figsize=[3,2])

u1L(t)=L*diff(i1(t),t)
U1=plot(u1L,(t,3,6))
show(U1,figsize=[3,2])
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show(graphics_array([I0+I1,U0+U1]),figsize=[5,2])
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R=5
C=.9
L=.8
u(t)=2*sin(5*t)
CI=vector([2,1])
f(t,q,i)=[i,-q/(L*C)-i*(R/L)+u(t)/L]
I=[0,60]
N=60*I[1]
CI=vector([2,1])
RK=rungekutta(f,CI,I,N)
T=[0,1/60,..,60]
Q=[a[0] for a in RK]
In=[a[1] for a in RK]
show(graphics_array([line(zip(T,Q))+line(zip(T,In),hue=0),
line(zip(Q,In),hue=.3)]),figsize=[5,2])
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UR=[R*a for a in In]
UC=[a/C for a in Q]
UL=[u(T[k])-UR[k]-UC[k] for k in range(len(T))]
show(line(zip(T,UR))+line(zip(T,UC),hue=0)+
line(zip(T,UL),hue=.3),figsize=[5,2])
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R=5
C=.9
L=.8
I(t)=2*sin(5*t)
I1(t)=diff(I,t)
CI=vector([20/9,10/9])
f(t,u,v)=[v,-u/(L*C)-v/(R*L)+I1(t)/C]
J=[0,60]
N=60*J[1]
CI=vector([20/9,10/9])
RK=rungekutta(f,CI,J,N)
T=[0,1/60,..,60]
U=[a[0] for a in RK]
V=[a[1] for a in RK]
show(graphics_array([line(zip(T,U))+line(zip(T,V),hue=0),
line(zip(U,V),hue=.3)]),figsize=[5,2])
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IR=[a/R for a in U]
IC=[a*C for a in V]
IL=[I(T[k])-IR[k]-IC[k] for k in range(len(T))]
show(line(zip(T,IR))+line(zip(T,IC),hue=0)+
line(zip(T,IL),hue=.3),figsize=[5,3])

lei de conservación da materia
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lei  de acción de masas

k=.6; f(t,x0,x1)=[-k*x0*x1,-k*x0*x1,k*x0*x1]
CI=vector([.5,.7,.2]); I=[0,5]; N=300; T=[0,1/60,..,5]
S=rungekutta(f,CI,I,N)
X0=[a[0] for a in S]
X1=[a[1] for a in S]
X2=[a[2] for a in S]
GX0=line(zip(T,X0),hue=0.3)
GX1=line(zip(T,X1),hue=0.7)
GX2=line(zip(T,X2),hue=1)
show(GX0+GX1+GX2,figsize=[3,3])
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X0X2=[abs(X0[n]-X2[n]) for n in range(301)]
print 'X0=X2 aos 58 segundos', '(',T[X0X2.index(min(X0X2))],')'
X1X2=[abs(X2[n]-X1[n]) for n in range(301)]
print 'X1=X2 aos 126 segundos', 
'(',T[X1X2.index(min(X1X2))],')'

X0=X2 aos 58 segundos ( 29/30 )
X1=X2 aos 126 segundos ( 21/10 )

k1=1.2
k2=.8
k3=.9
k4=1.6
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f(t,x0,x1,x2,x3,x4,x5)=[-k1*x0,-k2*x1*x4,k2*x1*x4,k4*x4,k1*x0-
k2*x1*x4+k3*x4^2*x5-k4*x4,k2*x1*x4-k3*x4^2*x5]
CI=vector([2,3,1,5,3,6])
I=[0,5]
N=300
T=[0,1/60,..,5]
S=rungekutta(f,CI,I,N)
X0=[a[0] for a in S]
X1=[a[1] for a in S]
X2=[a[2] for a in S]
X3=[a[3] for a in S]
X4=[a[4] for a in S]
X5=[a[5] for a in S]
GX0=line(zip(T,X0),hue=.1)
GX1=line(zip(T,X1),hue=.3)
GX2=line(zip(T,X2),hue=.5)
GX3=line(zip(T,X3),hue=.7)
GX4=line(zip(T,X4),hue=.9)
GX5=line(zip(T,X5),hue=1)
show(GX0+GX1+GX2+GX3+GX4+GX5,figsize=[3,3])
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f(t,x,y)=[.25*x-.01*x*y,-y+.01*x*y]
CI=vector([104,25])
I=[0,12]
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N=12*I[1]
S12=rungekutta(f,CI,I,N)
D12=line(S12,hue=.7,aspect_ratio=1)+point(CI,hue=0)
I=[0,13]
S13=rungekutta(f,CI,I,N)
D13=line(S13,hue=.7,aspect_ratio=1)+point(CI,hue=0)
show(graphics_array([D12,D13]),figsize=[6,2])

T=[0,1/12,..,13]
X=[a[0] for a in S13]
GX=line(zip(T,X),hue=.3)
Y=[a[1] for a in S13]
GY=line(zip(T,Y),hue=0)
show(GX+GY,figsize=[3,2])
print 'Máximo número de cordeiros aos', X.index(max(X)),'meses'
print 'Mínimo número de cordeiros aos', X.index(min(X)), 'meses'
print 'Máximo número de lobos aos', Y.index(max(Y)),'meses'
print 'Mínimo número de lobos aos', Y.index(min(Y)), 'meses' 

Máximo número de cordeiros aos 0 meses
Mínimo número de cordeiros aos 68 meses
Máximo número de lobos aos 34 meses
Mínimo número de lobos aos 104 meses
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f(t,x,y)=[.25*x-.01*x*y,-y+.01*x*y]
I=[0,15]
N=12*I[1]; LGS=[]; LGNS=[]
for k in [0.40,0.4001]:
    CI=vector([100*k,24*k])
    S=rungekutta(f,CI,I,N)
    C=[a[0] for a in S]
    L=[a[1] for a in S]
    if min(C)<2 or min(L)<2:
        print 'ecosistema non sostible con'
        print 'CI=',CI
        LGNS.append(line(S,hue=k))
    else:
        print 'ecosistema sostible con'
        print 'CI=',CI
        LGS.append(line(S,hue=2*k))
TE=text('zona de sostibilidade',[120,40],fontsize=6)
show(sum(LGS)+TE,figsize=[2,2])
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ecosistema non sostible con
CI= (40.0000000000000, 9.60000000000000)
ecosistema sostible con
CI= (40.0100000000000, 9.60240000000000)

f(t,x,y)=[.0005*x*(500-x)-.01*x*y,-y+.01*x*y]
I=[0,150];N=12*I[1]
CI=vector([220,6])
S=rungekutta(f,CI,I,N)
R=line([[220,15],[220,27],[40,27],[40,15],[220,15]],hue=0)
show(line(S)+R,figsize=[3,2])
print 'O número mínimo de lobos é', min([a[1] for a in S])
print 'O número mínimo de cordeiros é', min([a[0] for a in S]) 

O número mínimo de lobos é 2.04420786853889
O número mínimo de cordeiros é 38.9558337158167
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IN=[0,-50]
NN=-12*IN[1]
CI=vector([220,6])
SN=rungekutta(f,CI,IN,NN)
for k in range(NN):
    if SN[k][1]>2:
        Ik=k
    else:
        break
LSN=SN[0:Ik]
show(line(S)+line(LSN,hue=.3)+
line([[120,2.3],[200,2.3]],hue=0),figsize=[3,2])
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f(t,x0,x1,x2)=
[.25*x0+.01*x0*x1-.01*x0*x2,.3*x1+.001*x0*x1-.1*x1*x2,-
x2+.01*x0*x2+.01*x1*x2]
CI=vector([100,80,20])
I=[0,30]
S=rungekutta(f,CI,I,360)
print 'S[18]=',S[18]
print 'S[19]=',S[19]
g=line3d(S,rgbcolor=(0,1,0),thickness=5)
show(g,figsize=[2,2,2])

S[18]= (128.395227091330, 1.18426921299880, 43.9923062525366)
S[19]= (126.429092626355, 0.846836106738938, 45.0469548856762)
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f(t,x0,x2)=[.25*x0-.01*x0*x2,-x2+.01*x0*x2]
CI=vector([S[19][0],S[19][2]])
I=[0,12.5]
N=12*I[1]
S12=rungekutta(f,CI,I,N)
D12=line(S12,hue=.7,aspect_ratio=1)+point(CI,hue=0)
I=[0,13]
S13=rungekutta(f,CI,I,N)
D13=line(S13,hue=.7,aspect_ratio=1)+point(CI,hue=0)
show(graphics_array([D12,D13]),figsize=[6,2])
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f(t,v,u)=[5*v-5*v*u,-.3001*u+.1*v*u]
CI=vector([.8,.6])
I=[0,6.3]
N=12*I[1]
S=rungekutta(f,CI,I,N)
show(line(S,hue=.7)+point(CI,hue=0),figsize=[3,3])

T=[0,1/12,..,6.3]
X=[a[0] for a in S]
GX=line(zip(T,X),hue=.3)
Y=[a[1] for a in S]
GY=line(zip(T,Y),hue=0)
show(GX+GY,figsize=[3,2])

print 'Máxima taxa de emprego aos', X.index(max(X)),'meses'
print 'Mínima taxa de emprego aos', X.index(min(X)), 'meses'
print 'Máxima participación do traballo aos', 
Y.index(max(Y)),'meses'
print 'Mínima participación do traballo aos', Y.index(min(Y)), 
'meses'

Máxima taxa de emprego aos 19 meses
Mínima taxa de emprego aos 53 meses
Máxima participación do traballo aos 29 meses
Mínima participación do traballo aos 7 meses
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f(t,x,y,z)=[-.0004*x*y,.0004*x*y-.2*y,.2*y]
CI=vector([999,1,0])
I=[0,180]
N=24*I[1]
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T=[0,1/24,..,180]
S=rungekutta(f,CI,I,N)
X=[a[0] for a in S]
Y=[a[1] for a in S]
Z=[a[2] for a in S]
show(line(zip(T,X))+line(zip(T,Y),hue=0)+
line(zip(T,Z),hue=.3),figsize=[3,3])

D=len([a for a in Y if a>1])/24.n()
print 'a.A epidemia dura', floor(D),'días e',ceil((D-
floor(D))*24),'horas'
M=maximos(Y)[1][0]/24.n()
print 'b.A maior afluencia a urxencias ten lugar o día', 
floor(M),'ás',ceil((M-floor(M))*24),'horas'
m=min(X)
print 'c.Enferma o', round((1000-m)/10,2),'% da poboación' 

a.A epidemia dura 84 días e 17 horas
b.A maior afluencia a urxencias ten lugar o día 33 ás 19 horas
c.Enferma o 79.72 % da poboación
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f(t,x,y,z)=[-.0004*x*y+.01*z,.0004*x*y-.2*y,.2*y-.01*z]
CI=vector([999,1,0]);I=[0,360]
N=24*I[1];T=[0,1/24,..,360]
S=rungekutta(f,CI,I,N)
X=Round([a[0] for a in S],5)
Y=Round([a[1] for a in S],5)
Z=Round([a[2] for a in S],5)
show(line(zip(T,X))+line(zip(T,Y),hue=0)+
line(zip(T,Z),hue=.3),figsize=[3,3])

print 'a.Ao cabo dun ano hai', Y[-1],'enfermos'
M=maximos(Y)[1][0]/24.n()
print 'b.A maior afluencia a urxencias ten lugar o día', 
floor(M),'ás',ceil((M-floor(M))*24),'h.'
M1=100+maximos(Y[100*24:])[1][0]/24.n()
print 'c.O maior rebrote ten lugar o día', 
floor(M1),'ás',ceil((M1-floor(M1))*24),'h.'

a.Ao cabo dun ano hai 24.82441 enfermos
b.A maior afluencia a urxencias ten lugar o día 34 ás 6 h.
c.O maior rebrote ten lugar o día 185 ás 11 h.
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f(t,x,y,z,m)=
[-.0004*x*y+.001*z,.0004*x*y-.208*y,.2*y-.001*z,.008*y]
CI=vector([999,1,0,0])
I=[0,720]
N=24*I[1]
T=[0,1/24,..,720]
S=rungekutta(f,CI,I,N)
X=Round([a[0] for a in S],5)
Y=Round([a[1] for a in S],5)
Z=Round([a[2] for a in S],5)
M=Round([a[3] for a in S],5)
show(line(zip(T,X))+line(zip(T,Y),hue=0)+
line(zip(T,Z),hue=.3)+line(zip(T,M),color='black'),figsize=
[3,3])
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D=len([a for a in Y if a>1])/24.n()
print 'a.A epidemia durou', floor(D),'días e',ceil((D-
floor(D))*24),'horas'
M1=maximos(Y)[1][0]/24.n()
print 'b.A maior afluencia a urxencias tuvo lugar o día', 
floor(M1),'ás',ceil((M1-floor(M1))*24),'horas'
print 'c.A epidemia causou', floor(M[-1]),'mortes'
EM=len([m for m in M if m<1])/24
TM=len([m for m in M if m<30])/24
print 'd.As mortes producíronse entre o día ',floor(EM), 'e o 
día ', ceil(TM) 

a.A epidemia durou 87 días e 11 horas
b.A maior afluencia a urxencias tuvo lugar o día 34 ás 15 horas
c.A epidemia causou 30 mortes
d.As mortes producíronse entre o día  17 e o día  79
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f(t,x0,x1)=[x0*cos(t/2)-x1*sin(t/2),x0*sin(t/2)+x1*cos(t/2)]
CI=vector([1,1])
I=[0,4*pi]
S=rungekutta(f,CI,I,200)
g=line(S,hue=.3,thickness=2)
movil=[]
for k in srange(0,200,4):
    movil.append(g+point(S[k],hue=0,pointsize=50))
a=animate(movil)
#a.show(delay=10)
show(a[20],figsize=[2,2])

f(t,x0,x1)=[x0*cos(t/2)-x1*sin(t/4),x0*sin(t/4)+x1*cos(t/2)]
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CI=vector([5,1])
I=[0,8*pi]
S=rungekutta(f,CI,I,300)
g=line(S,hue=.3,thickness=2)+point([S[32],S[75],S[117]],hue=.8,poin
movil=[]
for k in srange(0,300,4):
    movil.append(g+point(S[k],hue=0,pointsize=50))
a=animate(movil)
#a.show(delay=10)
show(a[40], figsize=[2,2]) 

FL(t,x,y,z)=[10*(-x+y),28*x-y-x*z,-8*z/3+x*y]
print
CI=vector([6,6,6])
I=[0,15]
N=600
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SL=rungekutta(FL,CI,I,N)
gL=line3d(SL,rgbcolor=(0,1,0),thickness=1)
print 'a.'
show(gL,figsize=[3,3,3])

a.

print 'b.'
G2=[]
for a in SL:
    G2.append(gL+point3d(a,rgbcolor=(1,0,0),size=10))
AG2=animate(G2)
#show(AG2)
show(AG2[50],figsize=[3,3,3])

b.
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Fu(t,x,y)=[y,-2*0.025*y-x^3+7.5*cos(t)]
CI=vector([1,2])
I=[0,40]
N=600
S=rungekutta(Fu,CI,I,N)
g=line(S,rgbcolor=(0,1,0),thickness=1)
TI=[0,4/60,..,40]
XT=[a[0] for a in S]
g2=line(zip(TI,XT),hue=.1,thickness=2)
show(g2,figsize=[3,3])

G=[]
for a in S:
    G.append(g+point2d(a,rgbcolor=(1,0,0),pointsize=10))
AG=animate(G)
#show(AG)
show(AG[50],figsize=[3,3])

151



152

d=1
T=30.5
f(t,x0,x1)=[x1,(d/T)*sqrt(1+x1^2)]
CI=vector([5,-1/3])
R=rungekutta(f,CI,[0,20],200)
X=[0,.1..20]
Y=[R[k][0] for k in range(201)]
show(line([(X[k],Y[k]) for k in 
range(200)],aspect_ratio=1),figsize=[4,4])
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print 'a. Con T=',T,'temos f(20)=',R[200][0]
Z=[X[k]+I*Y[k].n() for k in range(201)]
D=[abs(Z[k]-Z[k+1]) for k in range(200)]
print 'b. Lonxitude da corda',sum(D) 

a. Con T= 30.5000000000000 temos f(20)= 5.00852488530680
b. Lonxitude da corda 20.3602505038298
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print 'a.'
[k1,k2,k3]=[-1,-1,-1]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1),.1*(k2*x2),.1*
(k3*x3)]
CI=vector([1,7,3,1,1,2])
I=[0,19.9]; N=6*I[1];T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='blue',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k][0:3],color='red',size=20))
a=animate(particula)
show(a[0],figsize=[3,3,3]); #a.show(delay=10) 

a.

print 'b.'
[k1,k2,k3]=[-1,-4,-9]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1),.1*(k2*x2),.1*
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(k3*x3)]
CI=vector([1,7,3,1,1,2])
I=[0,19.9]
N=6*I[1]
T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='green',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k][0:3],color='red',size=20))
a=animate(particula)
show(a[0],figsize=[3,3,3])
#a.show(delay=10)

b.

print 'c.'; [k1,k2,k3]=[-1,-5,-6]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1),.1*(k2*x2),.1*
(k3*x3)]
CI=vector([1,7,3,1,1,2])
I=[0,40]
N=6*I[1]
T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='red',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k][0:3],color='red',size=20))
a=animate(particula)
show(a[0],figsize=[3,3,3])
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#a.show(delay=10)

c.
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print 'a.'
b=.8
[k1,k2,k3]=[-1,-1,-1]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1)-b/10*v1,.1*(k2*x2)-
b/10*v2,.1*(k3*x3)-b/10*v3]
CI=vector([1,7,3,1,1,2])
I=[0,40];N=6*I[1]
T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='blue',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k][0:3],color='red',size=20))
a=animate(particula)
show(a[0],figsize=[3,3,3]);#a.show(delay=15)

a.

print 'b.';[k1,k2,k3]=[-1,-4,-9]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1)-.03*v1,.1*
(k2*x2)-.03*v2,.1*(k3*x3)-.03*v3]
CI=vector([1,7,3,1,1,2])
I=[0,40];N=6*I[1];T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='green',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k][0:3],color='red',size=20))
a=animate(particula)
show(a[0],figsize=[3,3,3]); #a.show(delay=10) 
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b.

print 'c.';[k1,k2,k3]=[-1,-2,-3]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1)-.03*v1,.1*
(k2*x2)-.03*v2,.1*(k3*x3)-.03*v3]
CI=vector([1,7,3,1,1,2])
I=[0,40];N=6*I[1];T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='red',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k]
[0:3],color='red',pointsize=20))
a=animate(particula)
show(a[0],figsize=[3,3,3]);#a.show(delay=10)

c.
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[k1,k2,k3]=[-1,-1,-1]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1),.1*(k2*x2),.1*
(k3*x3)]
CI=vector([1,7,3,1,1,2])
I=[0,19.8]
N=60*I[1]
T=[0,1/60,..,I[1]]
S=rungekutta(f,CI,I,N)
show(line3d([.3*vector(a[3:6]) for a in S],
color='blue',thickness=.5),figsize=[2,2,2])

[k1,k2,k3]=[-1,-4,-9]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1),.1*(k2*x2),.1*
(k3*x3)]
CI=vector([1,7,3,1,1,2])
I=[0,19.8]
N=60*I[1]
T=[0,1/60,..,I[1]]
S=rungekutta(f,CI,I,N)
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show(line3d([.3*vector(a[3:6]) for a in S],
color='green',thickness=.5),figsize=[2,2,2])

[k1,k2,k3]=[-1,-2,-3]
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*(k1*x1),.1*(k2*x2),.1*
(k3*x3)]; CI=vector([1,7,3,1,1,2])
I=[0,60]
N=60*I[1]
T=[0,1/60,..,I[1]]
S=rungekutta(f,CI,I,N)
show(line3d([.3*vector(a[3:6]) for a in S],
color='red',thickness=.5),figsize=[2,2,2])

160



161161



162

b=1.73*10^(-5)
m=830; g=9.81
v0=430; I=[0,60]
N=I[1]*30
CI=vector([0,0,v0*cos(pi/6),v0*sin(pi/6)])
f(t,x1,x2,v1,v2)=[v1,v2,-b*v1/m,-b*v2/m-g]
S=rungekutta(f,CI,I,N)
D=[[a[0],a[1]] for a in S if a[1]>0 ]
show(line(D,aspect_ratio=1),figsize=[5,3])

print round(D[-1][0]/1000,3),'km' 
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16.311 km

var('t')
m=5; b=1.73*10^(-5)
T0=30
I0=[0,T0]
F1=100*cos(t)
F2=300*cos(t)
N=60*T0
f(t,x0,x1,x2,x3)=[x2,x3,-(b/m)*x2+F1,-9.8-(b/m)*x3+F2]
CI=vector([0,100,500,1000])
R=rungekutta(f,CI,I0,N)
P=[[R[k][0],R[k][1]] for k in range(N) if R[k][1]>0]
DP=line(P,color='red')
if len(P)<N:
    show(DP)
else:
    CI=R[N]
    I=[T0,20*T0]
    N=500
    f(t,x0,x1,x2,x3)=[x2,x3,-(b/m)*x2,-9.8-(b/m)*x3]
    RR=rungekutta(f,CI,I,N)
    PP=[[RR[k][0],RR[k][1]] for k in range(N) if RR[k][1]>0]
    DPP=line(PP,color='green')
    show(DP+DPP,figsize=[4,2.5]) 
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var('t x0 x1 x2 x3')
u=[x0,x1]
v=[x2,x3]
U=vector(u)
V=vector(v)
G=vector([0,-9.81])
b=1.73*10^(-5)
K=0.2
P=0.08
vg=1100
T=10
m=K+P*(T-t)/T
mpri=-P/T
CV=(-b-vg*mpri/norma(V))/m
VPRI=CV*V+G
f(t,x0,x1,x2,x3)=[V[0],V[1],VPRI[0],VPRI[1]]
CI=vector([0,6,0.5*cos(80*pi/180),0.5*sin(80*pi/180)])
I=[0,10]
N=960
V2=rungekutta(f,CI,I,N)
P=[[V2[k][0],V2[k][1]] for k in range(N)]
DP=line(P,aspect_ratio=1)
CI=V2[-1]
I=[10,490]
f(t,x0,x1,x2,x3)=[x2,x3,-(b/K)*x2,-9.8-(b/K)*x3]
RR=rungekutta(f,CI,I,N)
PP=[[RR[k][0],RR[k][1]] for k in range(N) if RR[k][1]>0]
DPP=line(PP,rgbcolor=(0,1,0))
show(DP+DPP,figsize=[5,4])
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print round(PP[-1][0]/1000,3), 'km' 

3.092 km

166



167

var('t x y z u v w')
R=6367650
ke=-.000915
kn=-.019
LAP=54.136713*pi/180
LOP=13.774775*pi/180
x0=(R*cos(LAP)*cos(LOP)).n()
y0=(R*cos(LAP)*sin(LOP)).n()
z0=(R*sin(LAP)).n()
ve=ke*
((pi/(12*3600))*vector([-R*cos(LAP)*sin(LOP),R*cos(LAP)*cos(LOP),0]
vn=kn*vector([-sin(LAP)*cos(LOP),-
sin(LAP)*sin(LOP),cos(LOP)]).n()
vz=9*vector([cos(LAP)*cos(LOP),cos(LAP)*sin(LOP),sin(LAP)]).n()
v0=ve+vn+vz
G=6.67*10^(-11)
U=vector([x,y,z])
V=vector([u,v,w])
M=5.972*10^(24)
b=1.73*10^(-5)
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K=300
P=2000
vg=2450
T=80
m=K+P*(T-t)/T
mpri=-P/T
FG=-G*M/(norma(U)^3)*U
CV=((-mpri*vg-b*norma(V))/(m*norma(V)))*V
VPRI=CV+FG
I=[0,80]
N=240
CI=vector([x0,y0,z0,v0[0],v0[1],v0[2]])
f(t,x,y,z,u,v,w)=[u,v,w,VPRI[0],VPRI[1],VPRI[2]]
V2=rungekutta(f,CI,I,N)
IP=[[V2[k][0],V2[k][1],V2[k][2]] for k in range(N)]
DP=line3d(IP,thickness=5)
esf(fi,teta)=[R*cos(fi)*cos(teta),R*cos(fi)*sin(teta),R*sin(fi)]
ES=parametric_plot3d(esf,(fi,-pi/2,pi
/2),(teta,0,2*pi),opacity=.1)
CI2=V2[-1]
I2=[80,1580]
N2=3000
f2(t,x,y,z,u,v,w)=[u,v,w,FG[0]-b*u/K,FG[1]-b*v/K,FG[2]-b*w/K]
RR=rungekutta(f2,CI2,I2,N2)
PP=[[RR[k][0],RR[k][1],RR[k][2]] for k in range(N2) if 
norma(vector([RR[k][0],RR[k][1],RR[k][2]])).n()>R ]
DPP=line3d(PP,rgbcolor=(0,1,0),thickness=5)
show(ES+DP+DPP,figsize=[3,3,3])
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tempo=(I[1]+len(PP)/2).n()
Xiro=tempo*180/(12*3600)
R0=norma(vector(PP[-1]))
LALLR=(asin(PP[-1][2]/R0)).n()
LOLLR=acos(PP[-1][0]/(R0*cos(LALLR)).n())
if abs(sin(LOLLR)-(PP[-1][1]/(R0*cos(LALLR))).n())>10^(-4):
    LOLLR=-LOLLR
CGLL=[(LALLR*180/pi).n(), (LOLLR*180/pi).n()]
CGIM=[CGLL[0],CGLL[1]+Xiro]
CGIM

[51.5036952679636, -0.264430681534109]
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T=[0,.2,..,40]
c(t)=[0,5*t]
var('x y'); X=vector([x,y])
f(t,x,y)=list(8*(c(t)-X)/norma(c(t)-X))
CI=vector([150,0]); I=[0,40]; N=200
P=rungekutta(f,CI,I,200)
L=line([[0,0],
[0,200]])+point([0,200],hue=.3,pointsize=50)+line(P,hue=0)
concan=[]
for n in range(200):
    if norma(c(n*.2)-vector(P[n]))>.5:
        concan.append(L+point(c(n*.2),pointsize=20)+point(P[n],
        hue=0,pointsize=30)) 
    else:
        break
a=animate(concan);
#a.show(delay=10)
show(a[25],figsize=[2.5,2.5])
print 'Alcánzao a',200-c(n*.2)[1],'m do tobo' 

Alcánzao a 46.0000000000000 m do tobo
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var('x0 x1 x2')
X=vector([x0,x1,x2])
c(t)=[2000*cos(t/10),2000*sin(t/10),3000]
v=diff(c,t); r=.5
f(t,x0,x1,x2)=list(r*norma(v(t))*((c(t)-X)/norma(c(t)-X)))
CI=vector([0,0,0]); I=[0,300]; N=2*I[1]
S=rungekutta(f,CI,I,N)
g=line3d(S,rgbcolor=(0,1,0),thickness=2)
a=parametric_plot3d(c,(t,0,I[1]),rgbcolor=(1,1,0),thickness=2)
FXI=point3d([-2000,0,0],color='white')
FXD=point3d([2000,0,0],color='white')
FYI=point3d([0,-2000,0],color='white')
FYD=point3d([0,2000,0],color='white')
FZB=point3d([0,0,0],color='white')
FZA=point3d([0,0,3000],color='white')
A=[]; k=0; R=[0,3,..,300]
for r in R:
    P=point3d(list(c(t=r)),size=15,color='blue',figsize=
[12,12,12])
    Q=point3d(list(S[6*k]),size=15,color='red',figsize=
[12,12,12])
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    A.append(FXI+FYI+FZB+g+a+P+Q+FXD+FYD+FZA)
    k=k+1
an=animate(A); #show(an)
show(an[27],figsize=[3,3,3])

var('x0 x1 x2'); X=vector([x0,x1,x2])
c(t)=[2000*cos(t/10),2000*sin(t/10),3000]
v=diff(c,t); r=10/9
f(t,x0,x1,x2)=list(r*norma(v(t))*((c(t)-X)/norma(c(t)-X)))
CI=vector([4000,6000,5000])
I=[0,300]; N=2*I[1]; S=rungekutta(f,CI,I,N)
g=line3d(S,rgbcolor=(0,1,0),thickness=2)
a=parametric_plot3d(c,(t,0,I[1]),rgbcolor=(1,1,0),thickness=2)
FXI=point3d([-4000,0,0],color='white')
FXD=point3d([4000,0,0],color='white')
FYI=point3d([0,-6000,0],color='white')
FYD=point3d([0,6000,0],color='white')
FZB=point3d([0,0,0],color='white')
FZA=point3d([0,0,5000],color='white')
A=[]; k=0; R=[0,3,..,300]
for r in R:
    P=point3d(list(c(t=r)),size=15,color='blue',figsize=
[12,12,12])
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    Q=point3d(list(S[6*k]),size=15,color='red',figsize=
[12,12,12])
    A.append(FXI+FYI+FZB+g+a+P+Q+FXD+FYD+FZA)
    k=k+1
an=animate(A); #show(an)
show(an[10],figsize=[3,3,3])
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f(t,u0,u1)=[u0*u1/3,(u1^2-1)/3]
CI=vector([1,0])
I=[0,21]
N=21
P=rungekutta(f,CI,I,N)
T=[t for t in range(N)]
C=line([vector([0,t])+3*P[t] for t in T])
show(C,figsize=[2,3])
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V=[vector([0,t])+3*P[t] for t in T]
L=[norma(V[t]-V[t+1]) for t in range(N-1)]
print 'O can percorre',sum(L),'m' 

O can percorre 17.9137398339802 m

var('t x0 x1 x2 x3 x4 x5')
C=vector([0,0,10]); L=7; b=3; m=50
u=[x0,x1,x2]; U=vector(u)
v=[x3,x4,x5]; V=vector(v)
FI=vector([0,0,-9.8])
CI=vector([cos(pi/4)*cos(pi/6),cos(pi/4)*sin(pi/6),-sin(pi/4),-
sin(pi/4),cos(pi/4),0])
K=((-m*L*(V*V)-m*(FI*U))*U-b*L*V+m*FI)/(m*L)
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f(t,x0,x1,x2,x3,x4,x5)=v+list(K)
I=[0,60]; N=300; h=60/300
H=rungekutta(f,CI,I,N)
H1=[C+L*H[k][0:3] for k in [0..N]]
g=line3d(H1,rgbcolor=(0,1,0),thickness=1)
show(g,aspect_ratio=1,figsize=[3,3,3])

GG=[]
for k in range(N/2):
    GG.append(g+line3d((C,H1[2*k]),rgbcolor=
(0,0,1),thickness=1)+point3d(H1[2*k][0:3],rgbcolor=
(1,0,0),size=5))
AGG=animate(GG);#show(AGG); show(AGG[10], figsize=[3,3,10]) 
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R=6367650

s(u,v)=[R*cos(u)*cos(v),R*cos(u)*sin(v),R*sin(u)]
T=parametric_plot3d(s,(u,-pi/2,pi/2),(v,0,2*pi),opacity=.1)

K=tan(2*pi/3)
C=20
v(u)=C+K*(1/2)*log((1+sin(u))/(1-sin(u)))
L(u)=[R*cos(u)*cos(v(u)),R*cos(u)*sin(v(u)),R*sin(u)]
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PL=parametric_plot3d(L,(u,-pi/2,pi/2),thickness=3,color='red')
show(T+PL,figsize=[3,3,3])

print 'a.'
var('C B')
f1=C+B*(1/2)*log((1+sin(10.6876898*pi/180))/(1-sin(10.6876898*pi
/180)))+71.5975723*pi/180
f2=C+B*(1/2)*log((1+sin(42.22128*pi/180))/(1-sin(42.22128*pi
/180)))+8.733557*pi/180
S=solve([f1,f2],[B,C],solution_dict=True)
print 'O rumbo é =', (atan(S[0][B])*180/pi).n(),'graos' 

a.
O rumbo é = 60.2636123267762 graos

R=6367650
s(u,v)=[R*cos(u)*cos(v),R*cos(u)*sin(v),R*sin(u)]
T=parametric_plot3d(s,(u,-pi/2,pi/2),(v,0,2*pi),opacity=.1)
K=(S[0][B]).n()
C=(S[0][C]).n()
v(u)=C+K*(1/2)*log((1+sin(u))/(1-sin(u)))
L(u)=[R*cos(u)*cos(v(u)),R*cos(u)*sin(v(u)),R*sin(u)]
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PL=parametric_plot3d(L,(u,10.6876898*pi/180,42.22128*pi
/180),thickness=3,color='red')
show(T+PL+point3d(s(10.6876898*pi/180,-71.5975723*pi
/180),size=15)+point3d(s(42.22128*pi/180,
-8.733557*pi/180),size=15),figsize=[3,3,3])

print 'b.'
LonMV=loncurva([10.6876898*pi/180,42.22128*pi/180],L)
print'A lonxitude da viaxe é',round(LonMV/1000,3), 'km' 

b.
A lonxitude da viaxe é 7065.295 km
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R=5
H=10
h=6
C1=h/pi
C2=-3*h/2
s(u,v)=[R*cos(u),R*sin(u),v]
DC=parametric_plot3d(s,(u,0,2*pi),(v,0,H),opacity=.1)
x(u)=[R*cos(u),R*sin(u),C1*u+C2]
Dx=parametric_plot3d(x,(u,3*pi/2,5*pi
/2),thickness=2,color='red')
show(DC+Dx+point3d((0,-R,0),size=15)+point3d((0,R,h),size=15),
figsize=[3,3,3])
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R=6367650
s(u,v)=[R*cos(u)*cos(v),R*cos(u)*sin(v),R*sin(u)]
T=parametric_plot3d(s,(u,-pi/2,pi/2),(v,0,2*pi),opacity=.1)
A=9
K=3
v(u)=integrate(1/(cos(u)*sqrt(A^2*cos(u)^2-1)),u)+K
x(u)=[R*cos(u)*cos(v(u)),R*cos(u)*sin(v(u)),R*sin(u)]
D93=parametric_plot3d(x,(u,-pi/2,pi
/2),thickness=3,color='green')
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A=2
K=5
v(u)=integrate(1/(cos(u)*sqrt(A^2*cos(u)^2-1)),u)+K
x(u)=[R*cos(u)*cos(v(u)),R*cos(u)*sin(v(u)),R*sin(u)]
D25=parametric_plot3d(x,(u,-pi/2,pi/2),thickness=3,color='red')
A=1.02
K=-1
v(u)=integrate(1/(cos(u)*sqrt(A^2*cos(u)^2-1)),u)+K
x(u)=[R*cos(u)*cos(v(u)),R*cos(u)*sin(v(u)),R*sin(u)]
D121=parametric_plot3d(x,(u,-pi/2,pi
/2),thickness=3,color='black',figsize=[3,3,3])
show(T+D93+D25+D121, figsize=[3,3,3]) 

LL=LonMV/1000
LG=longeo([10.6876898, -71.5975723],[42.22128, -8.733557])/1000
LL-LG

81.9026638639216

u0=10.6876898
v0=-71.5975723
u1=42.22128
v1=-8.733557
var('A K')
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assume(A>1)
v(u)=K+integrate(1/(cos(u)*sqrt(A^2*cos(u)^2-1)),u)
U0=u0*pi/180
V0=v0*pi/180
U1=u1*pi/180
V1=v1*pi/180
f1=v(U0)-V0
f2=v(U1)-V1
DF1=implicit_plot(f1,(K,-1.455,-1.45),(A,1.373,1.374))
DF2=implicit_plot(f2,(K,-1.455,-1.45),(A,1.373,1.374))
show(DF1+DF2,figsize=[4,4])

A=1.374
K=-1.4515
R=6367650
s(u,v)=[R*cos(u)*cos(v),R*cos(u)*sin(v),R*sin(u)]
T=parametric_plot3d(s,(u,-pi/2,pi/2),(v,0,2*pi),opacity=.1)
v(u)=K+integrate(1/(cos(u)*sqrt(A^2*cos(u)^2-1)),u)
x(u)=[R*cos(u)*cos(v(u)),R*cos(u)*sin(v(u)),R*sin(u)]
Px=parametric_plot3d(x,(u,U0,U1),thickness=3,color='green')
show(Px+T+point3d(s(U0,V0),size=15)+point3d(s(U1,V1),size=15),figsi
[3,3,3])
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u0=41.3880386
v0=2.1700101
u1=31.2105007
v1=29.9125309
var('A K')
assume(A>1)
v(u)=K+integrate(1/(cos(u)*sqrt(A^2*cos(u)^2-1)),u)
U0=u0*pi/180
V0=v0*pi/180
U1=u1*pi/180
V1=v1*pi/180
f1=v(U0)-V0
f2=v(U1)-V1
DF1=implicit_plot(f1,(K,-5,5),(A,1.01,10))
DF2=implicit_plot(f2,(K,-5,5),(A,1.01,10))
show(DF1+DF2,figsize=[4,4])
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print 'a.'
u0=10.6876898
v0=-71.5975723
u1=42.22128
v1=-8.733557
h=0
A=loxeo(u0,v0,u1,v1,h)
show(A[0],figsize=[3,3,3])

a.
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print'Rumbo loxodromica=',round(A[1],3),'º'
print'Atallo xeodésico=',round((A[2]-A[3])/1000,2),'km' 

Rumbo loxodromica= 60.264 º
Atallo xeodésico= 81.9 km

print 'b.'

u0=40.4202805
v0=-3.70577
u1=41.7090797
v1=44.7961197
h=10000
A=loxeo(u0,v0,u1,v1,h)

show(A[0],figsize=[3,3,3])

b.

print'Rumbo loxodromica=',round(A[1],3),'º'
print'Atallo xeodésico=',round((A[2]-A[3])/1000,2),'km' 

Rumbo loxodromica= 87.981 º
Atallo xeodésico= 32.99 km

print 'c.'

u0=41.3880386
v0=2.1700101
u1=31.2105007
v1=29.9125309
h=8000
A=loxeo(u0,v0,u1,v1,h)
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show(A[0],figsize=[3,3,3])

c.

print'Rumbo loxodromica=',round(A[1],3),'º'
print'Atallo xeodésico=',round((A[2]-A[3])/1000,2),'km' 

Rumbo loxodromica= -65.466 º
Atallo xeodésico= 9.42 km
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a=6.99
b=(3*pi).n()
g=9.8
C=sqrt((1-cos(b))/(4*g*a))
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f(t,y)=[-sqrt(1/(2*g*C^2*(7-y))-1)]
CI=vector([a])
I=[0,b]
N=100
h=(I[1]-I[0])/N
RK=rungekutta(f,CI,I,N)
T=[0,0+h,..,I[1]]
PT=[]
show(line(zip(T,[a[0] for a in RK])), figsize=[3,3]) 
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g=9.81
m=50
L=2
H(t,x0,x1)=m*L^2*x1^2/2+m*g*L*(1-cos(x0))
q=vector([x0])
p=vector([x1])
Hp=[diff(H,x1)]
Hq=[-diff(H,x0)]
f(t,x0,x1)=Hp+Hq
CIS=[vector([pi/n,0]) for n in [4,5,..,10]]
I=[0,.01425]
N=100
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D=[]
for n in [4,5,..,10]:
    P=rungekutta(f,CIS[n-4],I,N)
    D.append(line(P,hue=1/(n-3)))
show(sum(D),figsize=[3,3])

CI=vector([pi/10,0])
P=rungekutta(f,CI,I,N)
A=[P[n][0] for n in range(N)]
G=[]
for a in A:
    G.append(line([[0,0],[2*sin(a),-
2*cos(a)]],color='green',thickness=1)+point([2*sin(a),-
2*cos(a)],color='red',pointsize=20))
a=animate(G,xmin=-2,ymin=-2,xmax=2,ymax=0,figsize=[3,3])
show(a[45],figsize=[3,3])
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k(s)=0
f(s,t1,t2,n1,n2)=[k(s)*n1,k(s)*n2,-k(s)*t1,-k(s)*t2]
al=pi/3
CIT=vector([cos(al),sin(al),-sin(al),cos(al)])
I=[0,12]; N=100*I[1]; h=I[1]/N
F=rungekutta(f,CIT,I,N)
FT=[vector([a[0],a[1]]) for a in F]
FTN=[a/norm(a) for a in FT]
PI=vector([0,0])
C=[PI]
for k in range(N-2):
    C.append(C[-1]+vector((h*(FTN[k]+FTN[k+1])/2).n()))
show(line(C[0:N],color='red',aspect_ratio=1), figsize=[3,2]) 

k(s)=s
f(s,t1,t2,n1,n2)=[k(s)*n1,k(s)*n2,-k(s)*t1,-k(s)*t2]
CIT=vector([0,1,1,0])
I=[0,12]; N=100*I[1]; h=I[1]/N
F=rungekutta(f,CIT,I,N)
FT=[vector([a[0],a[1]]) for a in F]
FTN=[a/norm(a) for a in FT]
PI=vector([0,0]); C=[PI]
for k in range(N-2):
    C.append(C[-1]+vector((h*(FTN[k]+FTN[k+1])/2).n()))
show(line(C[0:N],color='red',aspect_ratio=1), figsize=
[2.5,2.5])
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a(u)=[cos(u),sin(u),u]
show(parametric_plot3d(a,(u,0,4*pi),thickness=3),
aspect_ratio=[1,1,1],figsize=[3,3,3])
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assume(u>0)
l(u)=integrate(norma(diff(a(u),u)),u,0,u)
print 'l(u)=', l(u) 

l(u)= sqrt(2)*u

g(s)=RS([cos(s/sqrt(2)),sin(s/sqrt(2)),s/sqrt(2)])
print 'g(s)='
show(g(s))

g(s)=

g1(s)=list(diff(g(s),s))
g2(s)=list(diff(g1(s),s))
g3(s)=list(diff(g2(s),s))
K(s)=norma(diff(g1(s),s)).full_simplify()
TOR(s)=(g1(s)*
(g2(s).cross_product(g3(s)))/K(s)^2).full_simplify()
print 'K(s)=',K(s)
print 'TOR(s)=', TOR(s) 

K(s)= 1/2
TOR(s)= 1/2

Xo=g(0)
print 'Xo=', g(0)
To=g1(0)
print 'To=', To
No=g2(0)/norm(g2(0))
print 'No=', No
Bo=To.cross_product(No)
print 'Bo=', Bo 

Xo= (1, 0, 0)
To= (0, 1/2*sqrt(2), 1/2*sqrt(2))
No= (-1, 0, 0)
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Bo= (0, -1/2*sqrt(2), 1/2*sqrt(2))

K=1/2
TOR=1/2
f(s,t1,t2,t3,n1,n2,n3,b1,b2,b3)=[K*n1,K*n2,K*n3,TOR*b1-
K*t1,TOR*b2-K*t2,TOR*b3-K*t3,-TOR*n1,-TOR*n2,-TOR*n3]
CI=vector(list(To)+list(No)+list(Bo))
I=[0,4*pi*sqrt(2)]
N=100*ceil(I[1]-I[0])
h=(I[1]-I[0])/N
F=rungekutta(f,CI,I,N)
Tan=[a[0:3].n() for a in F]
C=[Xo]
for k in range(N-2):
    C.append(C[-1]+(h*(Tan[k]+Tan[k+1])/2).n())
show(line3d(C[0:N],rgbcolor=
(0,1,0),thickness=3,aspect_ratio=1),figsize=[3,3,3])
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f(x)=exp(x)/x
show(plot(f,(x,0.1,3)),figsize=[3,3])
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F=[]
for K in range(7):
    f(x)=sqrt(2*x+K)
    F.append(plot(f,(x,-K/2,2),hue=K/10,aspect_ratio=1))
show(sum(F),figsize=[3,3])
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f(x,y)=[(y^2-4*x)/(2*y)]
D=[]
for K in range(5):
    CI=vector([K+2])
    I=[0,6]
    N=60
    T=[0,1/60,..,I[1]]
    R=rungekutta(f,CI,I,N)
    S=[a[0] for a in R]
    D.append(line(zip(T,S),hue=2*K/10))
show(sum(D),figsize=[3,3])
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f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,.1*x1,.1*(x2-x3),.1*(x2+x3)]
CI=vector([1,7,3,1,1,2])
I=[0,40]
N=6*I[1]
T=[0,1/6,..,I[1]]
S=rungekutta(f,CI,I,N)
g=line3d([a[0:3] for a in S],color='blue',thickness=.5)
particula=[]
for k in range(len(T)):
    particula.append(g+point3d(S[k][0:3],color='red',size=20))
a=animate(particula)
show(a[8],figsize=[3,3,3])
#a.show(delay=10)
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K=[1.2,0.8,0.9,1.3]
P=[2,3,4,6]
f(t,x,y)=[K[0]*P[0]-K[1]*P[1]*x+K[2]*x^2*y-K[3]*x,K[1]*P[1]*x-
K[2]*x^2*y]
CI=vector([0,0])
I=[0,5]
N=300
T=[0,1/60,..,5]
S=rungekutta(f,CI,I,N)
X=[a[0] for a in S]
Y=[a[1] for a in S]
GX=line(zip(T,X),hue=0.3,aspect_ratio=1)
GY=line(zip(T,Y),hue=0.7,aspect_ratio=1)
show(GX+GY,figsize=[3,3])
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print 'a.'
f(t,x1,x2,x3,x4)=[x1*(1-(x1+1.09*x2+1.52*x3)),0.72*x2*
(1-(x2+0.44*x3+1.36*x4)),1.53*x3*
(1-(2.33*x1+x3+0.47*x4)),1.27*x4*
(1-(1.21*x1+0.51*x2+0.35*x3+x4))]
CI=vector([0.18,0.22,0.2,0.25])
I=[0,60]
N=12*I[1]
S=rungekutta(f,CI,I,N)
T=[0,1/12,..,60]
X1=[a[0] for a in S]
GX1=line(zip(T,X1),hue=.2)
X2=[a[1] for a in S]
GX2=line(zip(T,X2),hue=.4)
X3=[a[2] for a in S]
GX3=line(zip(T,X3),hue=.6)
X4=[a[3] for a in S]
GX4=line(zip(T,X4),hue=.8)
show(GX1+GX2+GX3+GX4,figsize=[3,2])

a.
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print'b.'
[M,K]=maximos(X2)
[M,K]

b.
[0.712646329256942, [643]]
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f(t,x,y,z,m)=
[.008*x-.00001*x^2-.0004*x*y+.0001*z,.0004*x*y-.058*y,.05*y-.0001*z
CI=vector([799,1,0,0])
I=[0,365*7]; N=24*I[1]
T=[0,1/24,..,I[1]]; S=rungekutta(f,CI,I,N)
X=Round([a[0] for a in S],5)
Y=Round([a[1] for a in S],5)
Z=Round([a[2] for a in S],5)
M=Round([a[3] for a in S],5)
V=Round([sum(a[0:3]) for a in S],5)
show(line(zip(T,X))+line(zip(T,Y),hue=0)+line(zip(T,Z),hue=.3)+
line(zip(T,M),color='black')+ line(zip(T,V),hue=.8),figsize=
[4,2.5])

print 'a.Como ao final do período hai máis de', floor(Y[-1]), 
'enfermos,'
print '   é unha endemia.'
print 'b.A gráfica púrpura chega a superar os 1000 individuos.'
D=len([a for a in V if a<2400])/24
print 'c.A poboación triplícase no día',floor(D) 

a.Como ao final do período hai máis de 21 enfermos,
   é unha endemia.
b.A gráfica púrpura chega a superar os 1000 individuos
c.A poboación triplícase no día 2324
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k=.003
m=.45
g=9.81
I=[0,3]
N=I[1]*30
(c1,c2,c3)=(3.8,4,2.55)
CI=vector([0,0,0,c1*0.366,c2*5.25,c3*5.25])
f(t,x1,x2,x3,v1,v2,v3)=[v1,v2,v3,k*v1/m,-k*v2/m,-k*v3/m-g]
S=rungekutta(f,CI,I,N)
D=[Round([a[0],a[1],a[2],norma(a[3:])],2) for a in S if a[1]<53 
]
print Round([c1*0.366,c2*5.25,c3*5.25],2)
print D[-1] 

[1.39, 21.0, 13.39]
[3.55, 52.75, 2.33, 23.67]

B=[[a[0],a[1],a[2]] for a in D]
POR=[[-3.66,52.5,0],[-3.66,52.5,2.44],[3.66,52.5,2.44],
[3.66,52.5,0]]
show(line3d(B)+line3d(POR,color='red',thickness=5)+
point3d([3.48,52.93,2.11],size=15),aspect_ratio=1,figsize=
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[3,3,3])

var('t x0 x1 x2 x3')
u=[x0,x1]
U=vector(u)
v=[x2,x3]
V=vector(v)
b=.3
G=vector([0,-9.8])
K=300; P=3000
vg=2000; T=80
mpri=P/T
m=K+P*(T-t)/T
CV=(-b+vg*mpri/norma(V))/m
VPRI=CV*V+G
f(t,x0,x1,x2,x3)=[V[0],V[1],VPRI[0],VPRI[1]]
CI=vector([0,0,1,12])
I=[1,80]; N=200
V2=rungekutta(f,CI,I,N)
P=[[V2[k][0],V2[k][1]] for k in range(N)]
DP=line(P,aspect_ratio=1)
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CI=V2[200]
I=[80,480]
f(t,x0,x1,x2,x3)=[x2,x3,-(b/K)*x2,-9.8-(b/K)*x3]
RR=rungekutta(f,CI,I,N)
PP=[[RR[k][0],RR[k][1]] for k in range(N)]
DPP=line(PP,rgbcolor=(0,1,0))
show(DP+DPP,figsize=[5,4])

var('t x y z u v w')
R=6367650
ke=-0.0007117
kn=.174685
LAP=55.7522202*pi/180
LOP=37.6155586*pi/180
x0=(R*cos(LAP)*cos(LOP)).n()
y0=(R*cos(LAP)*sin(LOP)).n()
z0=(R*sin(LAP)).n()
ve=ke*
((pi/(12*3600))*vector([-R*cos(LAP)*sin(LOP),R*cos(LAP)*cos(LOP),0]
vn=kn*vector([-sin(LAP)*cos(LOP),-
sin(LAP)*sin(LOP),cos(LOP)]).n()
vz=9*vector([cos(LAP)*cos(LOP),cos(LAP)*sin(LOP),sin(LAP)]).n()
v0=ve+vn+vz
G=6.67*10^(-11)
U=vector([x,y,z])
V=vector([u,v,w])
M=5.972*10^(24)
b=1.73*10^(-5)
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K=17700
P=275200
vg=2700
T=120
m=K+P*(T-t)/T
mpri=-P/T
FG=-G*M/(norma(U)^3)*U
CV=((-mpri*vg-b*norma(V))/(m*norma(V)))*V
VPRI=CV+FG
I=[0,120]
N=360
CI=vector([x0,y0,z0,v0[0],v0[1],v0[2]])
f(t,x,y,z,u,v,w)=[u,v,w,VPRI[0],VPRI[1],VPRI[2]]
V2=rungekutta(f,CI,I,N)
IP=[[V2[k][0],V2[k][1],V2[k][2]] for k in range(N)]
DP=line3d(IP,thickness=5)
esf(fi,teta)=[R*cos(fi)*cos(teta),R*cos(fi)*sin(teta),R*sin(fi)]
ES=parametric_plot3d(esf,(fi,-pi/2,pi
/2),(teta,0,2*pi),opacity=.1)
CI2=V2[-1]
I2=[120,2080]
N2=3500
f2(t,x,y,z,u,v,w)=[u,v,w,FG[0]-b*u/K,FG[1]-b*v/K,FG[2]-b*w/K]
RR=rungekutta(f2,CI2,I2,N2)
PP=[[RR[k][0],RR[k][1],RR[k][2]] for k in range(N2) if 
norma(vector([RR[k][0],RR[k][1],RR[k][2]])).n()>R ]
DPP=line3d(PP,rgbcolor=(0,1,0),thickness=5)
show(ES+DP+DPP,figsize=[3,3,3])
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tempo=(I[1]+len(PP)/2).n()
Xiro=tempo*180/(12*3600)
R0=norma(vector(PP[-1]))
LALLR=(asin(PP[-1][2]/R0)).n()
LOLLR=acos(PP[-1][0]/(R0*cos(LALLR)).n())
if abs(sin(LOLLR)-(PP[-1][1]/(R0*cos(LALLR))).n())>10^(-4):
    LOLLR=-LOLLR
CGLL=[(LALLR*180/pi).n(), (LOLLR*180/pi).n()]
CGIM=[CGLL[0],CGLL[1]+Xiro]
CGIM

[38.8694928998564, -77.0534522548272]

215



216

var('x0 x1 x2'); X=vector([x0,x1,x2])
c(t)=[200+15*t,2*cos(t),0]
f(t,x0,x1,x2)=list(40*((c(t)-X)/norma(c(t)-X)))
CI=vector([0,0,50]); I=[0,10]; N=200
S=rungekutta(f,CI,I,N)
g=line3d(S,rgbcolor=(0,1,0),thickness=2)
a=parametric_plot3d(c,(t,0,I[1]),rgbcolor=(0,0,1),thickness=2)
show(g+a,figsize=[3,3,3])

FXI=point3d([-20,0,0],color='white')
FXD=point3d([20,0,0],color='white')
FYI=point3d([0,-10,0],color='white')
FYD=point3d([0,10,0],color='white')
FZB=point3d([0,0,50],color='white')
FZA=point3d([0,0,-10],color='white')
A=[]; k=0; R=[0,.2,..,10]
for r in R:
    P=point3d(list(c(t=r)),color='orange',size=5)
    Q=point3d(list(S[4*k]),color='red',size=5)
    A.append(FXI+FYI+FZB+g+a+P+Q+FXD+FYD+FZA)
    if norm(c(t=r)-S[4*k]).n()<.5:
        print 'captura no instante t=',r
        break
    k=k+1
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an=animate(A); #show(an)
show(an[15],figsize=[4,3,4])

captura no instante t= 8.20000000000000

f(t,u0,u1)=[(-u0^2*sin(t/10)+u0*u1*cos(t/10)+sin(t/10))/10,
(-u0*u1*sin(t/10)+u1^2*cos(t/10)-cos(t/10))/10]
CI=vector([0,-1]); I=[0,100]; N=100
P=rungekutta(f,CI,I,N)
T=range(N)
C=line([vector([10*cos(t/10),10*sin(t/10)])+10*P[t] for t in T])
show(C,aspect_ratio=1,figsize=[3,3])
V=[vector([10*cos(t/10),10*sin(t/10)])+10*P[t] for t in T]
D=[norma(v).n() for v in V]
print 'D[89:91]=',D[89:91]
print 'Logo t=',89.497487437185930,'s' 

D[89:91]= [2.00996936323504, 1.99006951592709]
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Logo t= 89.49748743718593 s

var('t x0 x1 x2 x3 x4 x5')
C=vector([20*t,0,100])
DC=diff(C,t)
L=7
b=.2
m=2000
u=[x0,x1,x2]
v=[x3,x4,x5]
U=vector(u)
V=vector(v)
FI=vector([0,0,-9.8])
K=((-m*L*(V*V)+b*(DC*U)-m*(FI*U))*U-b*DC-b*L*V+m*FI)/(m*L)
f(t,x0,x1,x2,x3,x4,x5)=v+list(K)
CI=vector([0,0,-1,1,.5,0])
I=[0,100]
N=300
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h=(I[1]-I[0])/N
S=rungekutta(f,CI,I,N)
C1=[C(t=k*h) for k in [0..N]]
S1=[C(t=k*h)+L*S[k][0:3] for k in [0..N]]
g=line3d(S1,rgbcolor=(0,1,0),thickness=1)
a=parametric_plot3d(C,(t,I[0],I[1]),rgbcolor=
(1,1,0),thickness=1,aspect_ratio=[1,200,200])
GGH=[]
for k in range(N/2):
    GF=g+a+line3d((C1[2*k],S1[2*k]),rgbcolor=
(0,0,1),thickness=1)+point3d(S1[2*k],rgbcolor=
(1,0,0),size=7)+point3d(C1[2*k],rgbcolor=(1,0,0),size=2)
    GGH.append(GF)
AGGH=animate(GGH)
#show(AGGH)
show(AGGH[25],figsize=[3,3,3])

print 'a.'
u0=41.1458397
v0=-8.6108103
u1=60.1711617
v1=24.9326496
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h=8000
A=loxeo(u0,v0,u1,v1,h)
show(A[0],figsize=[3,3,3])

a.

print'Rumbo loxodromica=',round(A[1],3),'º'
print'Atallo xeodésico=',round((A[2]-A[3])/1000,2),'km' 

Rumbo loxodromica= 47.647 º
Atallo xeodésico= 27.32 km

var('t x0 x1 x2 x3 x4 x5')
q=vector([x0,x1,x2])
p=vector([x3,x4,x5])
H=(p*p)/2-1/norma(q)
Hp=[diff(H,x3),diff(H,x4),diff(H,x5)]
Hq=[-diff(H,x0),-diff(H,x1),-diff(H,x2)]
f(t,x0,x1,x2,x3,x4,x5)=Hp+Hq
CI=vector([10,0,3,.1,.2,0])
I=[0,118]
N=236
P=rungekutta(f,CI,I,N)
P0=[P[k][0:3] for k in [0..N]]
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g=line3d(P0,rgbcolor=(0,1,0),thickness=5)
GP=[]
for k in range(N/2):
    GF=g+point3d(P0[2*k],rgbcolor=(1,0,0),size=15)
    GP.append(GF)
AGP=animate(GP)
#show(AGP)
show(AGP[25],figsize=[3,3,3])

k(s)=1
f(s,t1,t2,n1,n2)=[k(s)*n1,k(s)*n2,-k(s)*t1,-k(s)*t2]
al=pi/6
CIT=vector([cos(al),sin(al),-sin(al),cos(al)])
I=[0,7]
N=100*I[1]
h=I[1]/N
F=rungekutta(f,CIT,I,N)
FT=[vector([a[0],a[1]]) for a in F]
FTN=[a/norm(a) for a in FT]
PI=vector([0,0])
C=[PI]
for k in range(N-2):
    C.append(C[-1]+vector((h*(FTN[k]+FTN[k+1])/2).n()))
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show(line(C[0:N],color='red',aspect_ratio=1), figsize=[2,2]) 

k(s)=s*cos(s)
f(s,t1,t2,n1,n2)=[k(s)*n1,k(s)*n2,-k(s)*t1,-k(s)*t2]
al=pi/2; CIT=vector([cos(al),sin(al), sin(al),-cos(al)])
I=[0,24]; N=100*I[1]; h=I[1]/N
F=rungekutta(f,CIT,I,N)
FT=[vector([a[0],a[1]]) for a in F]
FTN=[a/norm(a) for a in FT]
PI=vector([0,0])
C=[PI]
for k in range(N-2):
    C.append(C[-1]+vector((h*(FTN[k]+FTN[k+1])/2).n()))
show(line(C[0:N],color='red',aspect_ratio=1),figsize=[4,3])
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K(s)=s
TOR=0
Xo=vector([1, 0, 0])
To=vector([0, 1/2*sqrt(2), 1/2*sqrt(2)])
No=vector([-1, 0, 0])
Bo=To.cross_product(No)
f(s,t1,t2,t3,n1,n2,n3,b1,b2,b3)=[K*n1,K*n2,K*n3,TOR*b1-
K*t1,TOR*b2-K*t2,TOR*b3-K*t3,-TOR*n1,-TOR*n2,-TOR*n3]
CI=vector(list(To)+list(No)+list(Bo))
I=[0,4*pi*sqrt(2)]
N=100*ceil(I[1]-I[0])
h=(I[1]-I[0])/N
F=rungekutta(f,CI,I,N)
Tan=[a[0:3].n() for a in F]
C=[Xo]
for k in range(N-2):
    C.append(C[-1]+(h*(Tan[k]+Tan[k+1])/2).n())
show(line3d(C[0:N],rgbcolor=
(0,1,.3),thickness=3,aspect_ratio=1),figsize=[3,3,3])
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K(s)=s; TOR=1
f(s,t1,t2,t3,n1,n2,n3,b1,b2,b3)=[K*n1,K*n2,K*n3,TOR*b1-
K*t1,TOR*b2-K*t2,TOR*b3-K*t3,-TOR*n1,-TOR*n2,-TOR*n3]
CI=vector(list(To)+list(No)+list(Bo))
I=[0,4*pi*sqrt(2)]
N=100*ceil(I[1]-I[0])
h=(I[1]-I[0])/N
F=rungekutta(f,CI,I,N)
Tan=[a[0:3].n() for a in F]
C=[Xo]
for k in range(N-2):
    C.append(C[-1]+(h*(Tan[k]+Tan[k+1])/2).n())
show(line3d(C[0:N],rgbcolor=
(0,1,0),thickness=3,aspect_ratio=1),figsize=[2.5,2.5,2.5])

K(s)=s*cos(s); TOR=1/(1+s)
f(s,t1,t2,t3,n1,n2,n3,b1,b2,b3)=[K*n1,K*n2,K*n3,TOR*b1-
K*t1,TOR*b2-K*t2,TOR*b3-K*t3,-TOR*n1,-TOR*n2,-TOR*n3]
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CI=vector(list(To)+list(No)+list(Bo))
I=[0,20]; N=100*ceil(I[1]-I[0]); h=(I[1]-I[0])/N
F=rungekutta(f,CI,I,N)
Tan=[a[0:3].n() for a in F]
C=[Xo]
for k in range(N-2):
    C.append(C[-1]+(h*(Tan[k]+Tan[k+1])/2).n())
show(line3d(C[0:N],rgbcolor=
(1,0,0),thickness=3,aspect_ratio=1),figsize=[2.5,2.5,2.5])

225



226



227227



228228









Francisco de Arriba Pérez
Alberto Castejón Lafuente

Eusebio Corbacho Rosas
Mª Carmen Somoza López

Ricardo Vidal Vázquez

73

Im
pl

em
en

ta
ció

n 
e d

es
en

vo
lv

em
en

to
 d

e a
ul

as
 d

e x
eo

m
et

ría
 eu

clí
de

a e
 d

ife
re

nc
ia

l e
n 

sa
ge

9 788481 588453

IMPLEMENTACIÓN E

DESENVOLVEMENTO DE AULAS DE 

XEOMETRÍA EUCLÍDEA E DIFERENCIAL

 EN SAGE

Francisco de 
Arriba Pérez

Alberto
Castejón Lafuente

Eusebio 
Corbacho Rosas

Mª. Carmen 
Somoza López

Ricardo 
Vidal Vázquez



 
 
    
   HistoryItem_V1
   AddMaskingTape
        
     Range: all pages
     Mask co-ordinates: Horizontal, vertical offset 411.39, 33.19 Width 54.80 Height 16.98 points
     Origin: bottom left
     Colour: Default (white)
      

        
     D:20200227084111
      

        
     1
     0
     BL
     1300
     340
            
                
         Both
         93
         AllDoc
         93
              

       CurrentAVDoc
          

     411.3946 33.1921 54.8011 16.9806 
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0g
     Quite Imposing Plus 4
     1
      

        
     8
     236
     235
     c16415ea-6754-49d7-a0b2-888f2705c938
     236
      

   1
  

    
   HistoryItem_V1
   StepAndRepeat
        
     Create a new document
     Trim unused space from sheets: no
     Allow pages to be scaled: no
     Margins: left 0.00, top 0.00, right 0.00, bottom 0.00 points
     Horizontal spacing (points): 0 
     Vertical spacing (points): 0 
     Crop style 1, width 0.30, length 20.00, distance 10.00 (points)
     Add frames around each page: no
     Sheet size: 7.480 x 10.236 inches / 190.0 x 260.0 mm
     Sheet orientation: tall
     Layout: rows 12 down, columns 4 across
     Align: centre
     Registration colour: Black
      

        
     D:20200227084406
      

        
     0.0000
     10.0000
     20.0000
     1
     Corners
     0.3000
     ToFit
     0
     0
     4
     12
     0.7000
     0
     0 
     1
     0.0000
     1
            
       D:20200227084403
       737.0079
       Blank
       538.5827
          

     Tall
     749
     288
     0.0000
     Black
     C
     0
            
       CurrentAVDoc
          

     0.0000
     0
     2
     1
     0
     0 
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0g
     Quite Imposing Plus 4
     1
      

   1
  

    
   HistoryItem_V1
   TrimAndShift
        
     Range: all pages
     Create a new document
     Trim: fix size 6.693 x 9.449 inches / 170.0 x 240.0 mm
     Shift: none
     Normalise (advanced option): 'original'
     Keep bleed margin: no
      

        
     D:20200603082911
      

        
     32
            
       D:20200529075758
       680.3150
       Blank
       481.8898
          

     Tall
     1
     1
     No
     771
     335
     None
     Up
     0.0000
     0.0000
            
                
         Both
         AllDoc
              

       CurrentAVDoc
          

     Uniform
     0.0000
     Top
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0g
     Quite Imposing Plus 4
     1
      

        
     240
     239
     240
      

   1
  

    
   HistoryItem_V1
   StepAndRepeat
        
     Create a new document
     Trim unused space from sheets: no
     Allow pages to be scaled: no
     Margins and crop marks: none
     Sheet size: 6.693 x 9.449 inches / 170.0 x 240.0 mm
     Sheet orientation: tall
     Layout: rows 1 down, columns 4 across
     Align: centre
     Registration colour: Black
      

        
     D:20200603082920
      

        
     0.0000
     10.0000
     20.0000
     0
     Corners
     0.3000
     ToFit
     0
     0
     4
     1
     0.7000
     0
     0 
     1
     0.0000
     1
            
       D:20200603082916
       680.3150
       Blank
       481.8898
          

     Tall
     749
     288
     0.0000
     Black
     C
     0
            
       CurrentAVDoc
          

     0.0000
     0
     2
     0
     0
     0 
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0g
     Quite Imposing Plus 4
     1
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: before current page
     Number of pages: 2
     Page size: same as page 1
      

        
     D:20200603082927
      

        
     Blanks
     Always
     2
     1
     1
     720
     229
     0
     1
     qi3alphabase[QI 3.0/QHI 3.0 alpha]
     1
            
       CurrentAVDoc
          

     SameAsPage
     BeforeCur
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0g
     Quite Imposing Plus 4
     1
      

        
     0
     2
      

   1
  

    
   HistoryItem_V1
   InsertBlanks
        
     Where: after current page
     Number of pages: 2
     Page size: same as page 1
      

        
     D:20200603083106
      

        
     Blanks
     Always
     2
     1
     1
     720
     229
    
     0
     1
     qi3alphabase[QI 3.0/QHI 3.0 alpha]
     1
            
       CurrentAVDoc
          

     SameAsPage
     AfterCur
      

        
     QITE_QuiteImposingPlus4
     Quite Imposing Plus 4.0g
     Quite Imposing Plus 4
     1
      

        
     242
     2
      

   1
  

 HistoryList_V1
 qi2base





